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C++ 2LiL 2bt*>J! : j-jl f» juii (j^a j d L a 



. 2bl«j ✓ 
. yJt\ Oallj j*jVl 4*11 2L)L£ ✓ 
. uWrfilf ubjliu ✓ 
. JUuVI ✓ 

Function of a Variable jrjil* All j • 
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^JbUJl y ^ (jj^>' ^ • * 
SJl_s-I j iJjLixj Jix*~o jJcla x j x 2 - y = 10 ibljwJt ! 1-1 Ju* 

.. ^ . 4_Jui>Jl ilJL-P^I J-f JU^Jl . y = x 2 - 10 4bU*Jl 

4j| -L->J < Jji^_ ^ jtJ^^ y UJo-l ( x 2 -y= 10 ^bUxJt 

j-o jlj^! JJUJJ . y JS' £<> x ^ obu-i iljLi^' ULs-l 

. y ^JcocJiJ ( j r ^Jli 

x=V 10 + y J x=^/l0+y 
Example 1-1: The equation x 2 - y = 10, with x the independent variable 
associates one value of y with each value of x. The function can calculated 
with the formula y = x 2 - 10. The domain is the set of all real numbers. 
The same equations, x 2 - y = 10, with y taken as the independent variable, 
sometimes associates two values of x with each value y. Thus, we must 
distinguish two functions of y. 

x -- ^10 + y and x = -^ToTy 

6 Si i y > -10 o\ y p-*S J— 53 i-ji ^j-^JijJl ^"U JU^ 
. 10 + y<0 jul^ o^J -yjlO+y 

J_^j ;U-JLU f(b) ^kvaxJI f yjl a3IjJLS U>oj 

aJIjJI iJyd OLp . f JL^o ^ b ^Jlp f J-Jsu J^LC l^U- 

f(x) = x 2 - 10 Si^l dJJJ Jliaj . f(x) ^jL^^I j^^i *UapL 

. y = x 2 - 10 aJ^UJU 
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: 1-2 jlio 

f(x) = x 3 - 4x + 2 j) (1) 

Example 1-2: 

(l)iff(x) = x 3 -4x + 2, then 

Oil 

f(l) = (l) 3 - 4{l) + 2 = 1 - 4 + 2 = -l 
f(-2) = (-2) 3 - 4(-2) + 2 = -8 + 8 + 2 = 2 
f(a)=a 3 -4a + 2 

^J_p 18x-3x 2 *LixJ jjJb x JS3 f(x)= 18x-3x 2 iJljJl (2) 

<Ai iJljJI JU^o dUJJ , ^^iJb- ^Jlp y> x ^JuJI phlo ^^i^- 

X 4_C-^L^?| JLjs-1 J j_L ^j-^O J^v -a A^-L*^) A (3) 

Cr^rj* oU$& jl A < x^y ^ iJUJI e Jub ^ A= 18x-3x 2 

A>0 JjSj^j . A = -3(x-3) 2 + 27 ^ JL^Uj 
jl til * 6 JaL x a*Js (jJJlj 3(x-3) 2 <27 oi Ju*i 

V- 1 ^ 0 ^ (0.6) o^i 1^1 A ^1 aijJI . 0<x<6 

. (0,27) 5^1 ^ aijJI ^Jto jl 1-1 JS^i ^ Ji^^j . 
/4 




l-l JS£ 
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Graph of a Function ^Lull • 

(x, y) <5j^~Jl J* iUJl y AXiJ ^Lo f ^Ul 

. y = f(x) aJ^UaJI Jjjixjj 

: 1-3 J& 

y = |x| aiUJi ^yi ■ f w= 1*1 ^ pt (1) 

. 1-2 JSLiu 

Example 1-3: 

(1) Consider the function f(x) = I x I . Its graph is the graph of the equation 
y = | x | , shown in Figure 1 -2. 



y 




1-2 



. X<0 UJuJ^ f(x)=-x jlj < x>0j^' U-LLP f(x) = x 01 Ja*-^ 

Jj'^^jb LaIjuo ^ApMi JS* <y> JjS^l f 

. 4JLJI J>IApVI 

j-* ^_JijJ! dJLa ^-jj . g <JljJl «^>>' g(x) = 2x + 3 4i>^JI (2) 

3 jj_^>~cJ! pj^Jb 2 4s* (*^—° J**- J^h ci^b y = 2x + 3 ibUxJI 

. g aJIjJI (JJlo^ JLy 4^>Ji MjlpMI . y jj>^ 

(2) The formula g(x) = 2x + 3 defines a function g. The graph of this 
function is the graph of the equation y = 2x + 3, which is the straight line 
with slope 2 and y intercept 3. The set of all real numbers is both the domain 
and range of g. 
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Infinite Sequence AjuIjuUI • 

iJljJi uijju" 4,3 ,2,1 4,^3 pJi n ^Lw: Ujclp JJJ ■> JljUj 

^y^-j J < y (|<|(| ^L-^ I J— l/(n + 1 ) ik^ai \j 

f "4 ' 3"' "2 J ' {1/(n+ 1)1 ^UJJ j^Jj l/(n+ 1) <iUJt 

1 

■ • • ■ <5 

Limit of Sequence AjuUlL* • 

^^j* n C^-c>- c C*jIj ^JLp j-a u^ii' { s K } aajLcuJ! ijJL?- Cauls' lil 
. lim a n =c jl a n -» c c^xSoj i*jlcuJ! ajI^ ^ c jli . ^1 
. J k JS ai\ ^LaL^j e>0 jLuii-l p4J. < |a n -c| <e jl ^^Ju Ijiaj 

i»uUxJi : 1-4 jiiU 

Example 1-4: Consider the sequence 

1,3/2,5/3,7/4,9/5, 2-1/n, (1-1) 

1 1 1 — 1 7 T i n — 1 — •» 

0 1 3/2 J/3 2 

1-3 
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iUJI JTj 2- 1/1001 =2001/1001 a^lJ! dUU JUuj)) . ^I^s^t 
<[e - 1/1000 43 1 2 ikiJI y 1/1000 Jil asUo j^p aJLcxJI 

Jil asL^o jjlp Ul^ocJI iLaJI JS'j 20 000 001/10 000 001 iiJa&J! 
lit * [IJi^jbj £= 1/10 000 000 jl L5 ^ M J 2 kUaiJI ^y> 1/10 000 000 

lim(2— L) = 2 /\ {2-l/n}-»2 
UojJl>- J5^ I 1^1^1,1/2,1,3/4,1,5/6,1, ^IccxJ! 

-I < 1 J^LJU Jai^xj ,y*j -I, 1, -1, 1, -1, I, 

Limit of Function 411 J AjI^j • 

eJLT lij . A<oo j | cu^- limf(x) = A J 9^ iil . i)b f cJtf lil 
OjJsS lii * a ^j-o x v-j/l-Hj LoJjlp A j—o <->jz£>' f(x) 

9 y> llstfl^l <~>jz£> x 2 j I c^o-limx 2 = 9 : 1-5 JLjuo 

x^3 

Example 1-5: Iim x 2 = 9, since x 2 gets arbitrarily close to 9 as x. 

x-»3 



Lc^jj ( e ^rj^ jI^oojlp fj^i Jaita jits' lijj jlS' lit limf(x) = A 

IS) 0 <|x - a|< 5 j( o^>- 5 c :>Jlp iJL* j^/I^Ju^. jtf 

. 1-4 JSL^j t^ja IJl&j I f(x) - A | < r 



a- 8 



-o-+- 



(i) 

^ — i o^fix) 



(ii) 
1-4 JS3 

^l] . 5 ^L^.l j_£*j Oil [(ii) jLo^t Jl« ^1] e jlc^i jlju 

x Q L^-J (i) oyiili ^ jj& x*a Julp dUJJ [(i) '6 J zil\ 

. f(x 0 ) JULpj (ii) o^xiJI ^ j^So f(x) jS) 

aJLa^ limf(x) = A j^Sj ^ j | j^So' LoAjlp <Gl 4*^JI <aJ£>J! Ji^^ 
J I <r^' ^ o^Lp f(x) iiUUJt ^ . x = a Julp f(x) ^ J^6' *i 

. x = a Jup O ju 

: i-6 J& 

x^2 X-2 

jj C^-J X = 2 JCLP ASyuJ ^ (x 2 - 4)/(x - 2) j| £A 

x 2 -4 ^ (x-2)(x + 2) 

x-2 (x-2) Z 

• 2 ^ xu ^xii* LoO^p 4 ^ jtfj (x 2 - 4)/(x - 2) jl ^ jS J 



Ot ^jJ aJL«Jl <*J>.y£&\ fJ^-J Lp^ i 1-7 JIjU 
Example 1-7: Let us use the precise definition to show that 

lim (x 2 + 3x) = 10 

. 0 < I x - 2 j < 5 jla 5>0 j»-Ub ol Ju^f £>0 jlc^J Up^ 

jlJi^Mi^jl. |(x 2 + 3x)- 10 1 <e Oil 

i(x 2 + 3x) - 101 = l(x - 2) 2 + 7(x - 2)1 < Ix - 2I 2 + 7lx - 21 

lit ^UJJ . 5 2 < 5 lit 0 < 5 < 1 ol j>J £aj . |x - 2 | <6 e~>- 
. 0< | x - 2 | <6 cJ^S" e/8 j 1 ^ Jit o^ 5 lui-l 

l(x 2 + 3x) - 101 < 5 2 + 7 5 < 6 + 7 5 = 85 < e 

Right and Left Limits jm(i\ Oallj jrfjtft Jail • 

x IoJl^ A o ^xi* f(x) ol A < °° lim f(x) = A 

JiJL* . jLJl 'i^r ^ A oyiii* x jl ij\ a Jsl ^ a jjj 

4^ Li ^a^yxu ^^xaj IoJUp A ^ u juti f(x) ol ^^j* lim f(x) = A 

I L> ^u^JuJl ^sJlksOAi] ^LSla limf(x) = A £_JLk*^<JI . j-^yftJl 

. lim f(x) = A j lim f(x) = A 

x— »a+ x-»a- 
oJl^j 4aJ OjSo ol Jo*i x^-a Jclp f(x) ytjJl 4j1^5 A OjSj 

OiJ < a 4 laa:l o-L_?-lj <U$r»- f iJta ^3 y6' IoJjlp . ^^^Jl ^^SoJtj 
. o$j>-y> Ojlf lit bJb-t^ 4^>- 4j J I lim f(x) 

Oil . ^cj 4^ Jaiifl f ^jyu tit f(x) = VT~ illjjl : 1"8 Jtl« 



* ^J-^TJ W u— J lim f-^zi^J • HmVT" = lim </x~ = 0 

x->0+ ^ * x ->0 x^0+ 

. X < 0 JULP 4S jj^ V~X~ J I Ci**>- J 

Example 1-8: The function f(x) = f(x) = ; then f is defined only to the 
right of zero. Hence, limV~x~ = 0 = lim yfx~ = 0 . Of course lim vST 

x->0 x-»0+ x^O- 

does not exist, since *fx~ is not defined when x < 0. 

Theorems on Limits uUL^I ubj&j • 

. limf(x) = c IS I * CuU* a j f(x) = c CJl^ til : 1-1 2L»JajJ! 
: 131 . A,B<oo^^ limg(x) = B 3 limf(x) = A cJlT IS I 

x-»a x ->a * 

. OjU <ji k jj « limkf(x) = kA : 1-2 ^BJJI 
Iim[f(x)±g(x)] = Hmf(x) ± limg(x) = A±B : 1-3 ZjJtifl 

x->a x ->a x-»a 

lim [f(x) • g(x)] = lim f(x) . lim g(x) = A • B : Hi 05011 



x— >a 



^iJb- i-lp Va~, lim!j/f(x) =n/limf(x) =Va~ : 1-6 2u Oaoll 

x->a V x->a 

Continuity JL*j*l • 

U-JU^ cr-s ^ JT julp iL^o cJlT j) aJL^u f(x) aJIjJI 

: Ji'Hte iJyo f(x 0 ) cJlS* til x = x 0 jup iLvax* f(x) aJIjJI 

lim f(x) = f(x Q ) j S^jrj-o lim f(x) 
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^\ UIjJI cJLi' lil [a,b] iuUJ! 5^1 J}U- L5 ^' f %\^\ 

^^jjuuj f [a, b] ^ U*£ 4_-U^> [a, b] f 3 \ o:i> 

O^SO' f(x) 4JUJI . b j^aj JJj a jLo. ^) < ^ 



Example 1-9: Determine the continuity of 

m =4^4 (-) 



f(x)=- 



O) 



x-2 ' " v "' x-2 

j»LiJl) iiyw f(2) jSl x = 2 Ale iL*aX* ^ illoJI oi» ( I ) 

iUaxa 2JljJt jj& (oo ^jL-i-) j** Jim f(x) oMj OyUo 

, Liiko JLai-^l ^ jj& UJOPJ < X = 2 IJl^Lo J»UlJ1 JS" -Up 

. 1-5 JSLi 



1-5 JS£ 

^LT) 4_5yco ^ f(2) 6^ X = 2 J-JLP iL^) AJijJl oJJb (u) 

. limf(x) = 4 dili £«j < (yi^ ^UJIj Ja— Jt 
g(x) 4-SljJi Jj^2>JJ UjUa^L f(x) ^JI-JI e^yu oiUI 
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g(x) ^ ^^^-2) =x+2 
6 x-2 x-2 
g (2) = 2 + 2 = 4 

AltaU ^jLuil 

x 2 -4 



f(x) = 



x-2 



; g(x) = x + 2 



J_£Li j— lail) « *— y> ^J^i u^'j t X-2 SXS> IjpLo Jj'loJ.o 

. « (wJlJI » <L»L^j y> JL^j^I pJjJ JJijj (l-fi 




i-6 js^ 

Properties of Continuous Functions *K\mjX\ JIj JJI 

f(x) cJtf lil j^JcJU . iUaxJI JljjJl oljja; cM^d! ^ 
£ f(x)«g(x) < f(x)±g(x) Cfluj x = a Jj^p jlJu^ jUb g(x) ^ 

Jlj^ jt cJlT La-l»I iL^j x ^J>- oil * g(a)^0 < f(x)/g(.\i 

j>Ul<JI 1 &JCLP J^So ^yJI X p-J IJlpU Col^ loJL>l iL^-o iJaJa^JI \ 



^Jtt Ljfc J^X^qJ 1 iL^oJI Jl^jJi 
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CJLT lilj a < x < b '6j^Ji\ Js <JUaxo f(x) c^l^ lil I 1-1 2Uw£ 
i^J JJ^I l? Jlp ilL* f(b) j f(a) j-j c aJi* j^j. < f(a)*f(b) 
. a < x Q < b j f(x Q ) = c o-^- x = x Q ^j^LJj * x ^cuil o-X^-lj 




/(*) 


y 




^1 

1 


0 

/<•> 


Jn 
* i 




1 
1 

1 
1 

> * 


0 




X* 


b 



jjjr 14) /r.vj = o (b) 

x = b j x = a j^o 



1-7 J& 



jlr Ug-J ^-J /fA-j-o (b) 



/(b) 


V 




0 

/(•) 


jf 1 
^ 1 

I 

0 ! 


1 * 




a ft 



1-8 

CJLT lil * a < x < b ByaJI ^ aL^za f(x) cJtf lil : 1-2 2Uw£ 

. b^xiJI M 4a^9 ^^Ij m Jsl Jl>-Ij f(x) 

^ 4JL^o 4j|jJI 1-8 JXi ^ . 1-10 ^1 1-8 ^ JlSLiMl ^1 
x = d 3 x = c JuLp o JLp*j* M ^^Ip 1 j m Ji I ( a < x < b 0 I 

aijJI 1-9 JSLi ^ . e^iJI J^U ^ j~k&JI ^ v^'^JI J* 
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(6) 




(c) 



1-9 JS£ 

J— ^ OJj>*j* AA-i t < x = a Julp «^Jl>«j iu-i Jal a < x < b ^ 
< X = C JJ-P JUtfi'l fJLP Jb-jj 1-10 JSLi ^ . S^uJI J}U- ^ x = c 
. IcJs ^\ t$J Lr J x = a Jup <5IjJJ iuJ JS1 a<c<b jj o-^ 

^Ap c jl jlja<x<b SyiJI ^ <Uaxo f(x) cJlT tij : 1-3 2lu*l^ 
c cJlS" jl» 4j] ^>0 jJlo Jb-jj.il* f(c)>0 OJlS'j b f a^ 

. 1-10 JSLi ^ 4^>y> ^L^UJi oJla f(x)>0 JjSj- < -A,<x<c + ^ 




i-io j£u 



Solved Problems JjU« • 

C L_JI 2000 ft iLk^ ^ : 1-1 

. SJijJI Jl^o j^pj x j^isJI J SJIjT (g^t 
Solves problem 1-1 : A rectangular plot requires 2000 ft of fencing to 
enclose it. if one of its dimensions is x (in feet), express its area y (in 
square feet) as a function of x, and determine the domain of the funct.on. 

i (2000 - 2x) = 1000 - x 
. 0<x< 1000 J* SJIjJI oi*J JU-Jlj y = x(1000-x) i^L-Jl Oj&j 
^ ^ 12 in ^ J> ^ £<r* : 1-2 

c^J ^ ^ ¥ & x ^ J ^ ^ 

. (SPl-l J&i) £^ fr^ 1 

. aui ju- o^j x a,jr v c^ 1 

Solves problem 1-2 : From each corner of a square of tin, 12 in on a side 
small squares of side x(in inches) are removed, and the edges are turned up 
to form an open box (Figure SPl-l). Express the volume V of the box (in 
cubic inches) as a function of x, and determine the domain of the function 



13 



12-2* 



□ 



SPl-l JSLi 
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• x 12 - 2x l^jtU? JjJ? A-juyi oJu>Li <J JjJUL^Jt : 

oy^l JL^JI . V - x(12-2x) 2 = 4x(6-x) 2 y> jjJcuJI 

O^^. (J ^ V "^I^Jj. < l$i\^j> js> x colj UJlS' . 0< x < fi 

. M p^aJI Jl^. ^ &Ajl*JI ol_& dUJJ . dU3 

^ f(a + h)-f(a) ^ j f(x) = x2 + 2x . ^ 

Solves problem 1-3 : If f(x) - x 2 + 2x, find f ( a + h )" f ( a ) and interpret 
the result 




SP1-2 



Q J P iLJuJI ( (SP1-2 JJL*) ^JIjJJ ^LJI J 
f W P ^i-^b • a + h j a jAx ^ l^J 

: Oil < f(a + h) ^ (^IjJI Q 
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- Jt J^si-l - f(a + h)-f(a) 

pq U = ^ y : h 

f(a+h)-f(a) lla + h^2(a+h)]-(a 2 +2a)_^ 0 ^ 
h h 

Solves problem 1-4 : Write the general term of each of the following 
sequences: 

.. i.-<l> 
,,-i.i,-i.i....(v> 

1 4 9 16 ( ) 

2 ' ~ 9 ' 28 ' 65 • • ■ 

^ r uji . o.-— j» Jivtfi ^j*^ y^w? ( * ) 

1 

• 2n-l 

. (-,)-' -Di- 3* f WI a>J1 

n + 1 1 
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liiiiiM 



Differentiation 



. JljJJl ✓ 



The Derivative <Uu«Ul • 

Jj.J^J I 4_J V>u> ^ X = X, j X = x 0 J^A-S J*} X _^JCiJ I ^ I 

h ^*^j jJ x, = x 0 + Ax yj^j j I . Ax = x, - x 0 L^s ya£- . Ax 

l _ r — iijj x = x 0 + Ax jil < x = x 0 4^JlJco! ift-i Ax Jj.IjJU x 
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x = x 0 + Ax j x = x 0 ^ SjJlJuJI y = f(x) flUl ^3 ^1 
. ^,..sU ^jU- oil Ay = f(x 0 + Ax) - f(x 0 ) -bJjJI 

Ay = 

Ax x ^ 

. x = x 0 + Ax j x-x 0 ^ S^wJI ^ aiJl jiM (^~* 

iJijJi^P^- < Xo=l ^ Ax = 0.5 -bljdl 2" 1 J 1 ^ 

Oil . Ay - f(l + 0.5) - f(l) = 5.25 - 3 = 2.25 ±>\jA\ y - f(x) = x 2 + 2x 

y> X= 1.5 jXrl^e/illjy ^1 ^ ^JP^ 

Ax 0.5 

Example 2-1: When x is given the increment Ax = 0.5 from x 0 = L the 
function y - f(x) = x 2 + 2x is given the increment Ay = f( 1 + 0.5) - f(l ) = 
5.25 - 3 = 2.25. Thus, the average rate of change of y on the interval between 
x = 1 and x= 1.5 is 

Ax 0.5 

Ay f(\,+ Ax)-f(x c ) 
lim - hm — 

Ax _> 0 AX Ax~>0 Ax 

^^jjt Jj^o £*A i^Ji oijb . 

, x = x 0 julp x y 

x ^Jj iu-JL y = f(x) = x 2 + 3x aJIjJI : 2-2 Jl4» 

. Xo = -4 ( v ) j x 0 = 2 ( 1 ) 

Example 2-2: Find the derivative of y - f(x) - x 2 + 3x with respect to x at 
x = x 0 . Use this to find the value of the derivative at (a) x Q = 2 and (b) x Q = -4. 
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f(x o ) = x o > + 3x o 

f(x 0 + Ax) = (x o + Ax ) 2 + 3(x o + Ax) 

= x o 2 + 2x o Ax + (Ax) 2 + 3x o + 3 Ax 
Ay = f(x o + Ax) - f(x o ) = 2x o Ax + 3 Ax + (Ax) 2 

Ay_ f(x o+ Ax)-f(x o ) 

aT a! "=X+3 + Ax 



Ay 

lim - lim (2x n +3 + Ax)=2x +3 

Ax^O AX 



. 2(2) + 3 = 7^ ii^J I iuJi < x 0 = 2 ( j ) 
. 2(-4) + 3 = -5 ^ 4ji^uJI < x 0 = -4 (u) 

• ^ ^ * J\ ^-JL y = f(x) ilijJJ 

lim *L = lim f(x+Ax)-f(x) 
Ax->0 Ax Ax 

Differentiation jAtilfl • 

ci_* ii^ cjIS" IS) x = x 0 iki jll* JU^,>U iLa iJljdJ JU, 
JUxA^U ilU [&\ iJljJ Jli Cii . iLoJI .j^ 5^^, ijij) 
iJb . s^_i)l oJ_a .L_£ J.S' jLi^,^U iLla Lftjj jls^i 

• J-iUxJI ( _ f «_^- SJIjJI iiLio iU«l aJa* . 'iL&ic, 



Differentiation Rules J*£U! Ofitji • 

x ^JcoJJ (J^U^3) JU^^U SJbls Sib ^ u, v, w io^ jr^ 1 J 

. 0^4^' tn j c 

d_ (c)=0 1 
dx 

— (x )= 1 
dx 

d_ (u+v+ ...)=A.(u)+-i-(v)+- 3SJptf 
dx dx dx 

— (cu)=c— \u) 
dx dx 

— ( uv )= u — (v )+ v— (u ) 
dx dx dx 

i( uvw)=uv l( w ) +uw i(v)fvwf(u) 6oApU 
dx dx dx dx 

d_fiLli^( u ),c*0 
J c dx 

8 SJlpIS 



dxl 

i.f£U^fl>-^(«),u,0 
dx\u J dxU / u dx 

d , x d 

-,v#0 



-(-V 



v— (u)-u— lv) 
dx dx n 9 SJ*13 



dx 

— (u )=mu m — (u ) 
dx dx 



y = 4 + 2x - 3x 2 - 5x 3 - 8x 4 + 9x 5 I J^U I 2-3 Jlii 
Example 2-3: Differentiate y = 4 + 2x - 3x 2 - 5x 3 - 8x 4 + 9x 5 
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-^=0+2(11-3 (2x )-5 (3x 2 )- 8 (4x 3 )+9 (5x 4 ) 
dx 

= 2-6x-15x 2 -32x 3 +45x 4 

y= lz?l ; Li,U : 2-4 JCU 
3 + 2x ^ 

Example 2-4: Differentiate y= 3 " 2x 

3 + 2x 

(3 + 2x )— (3-2x)-(3-2x )— (3+2x) 
, dx dx 

y== (3 + 2x) 2 

^ (3 + 2x)(-2)-(3-2x)(2) = -12 

(3 + 2x) 2 (3 + 2x) 2 

Inverse Functions 2u«&all JIjJJI • 

. d\~ r -~£s- ObJb jL*~o f(g(x)) = y j g(f(x)) = x C^xi g j f jUijJi 

g(b) = a lil < f(a) jlT lil i^U 

: 2-5 jili 

• g(y) = y- 1 f(x) = x + l a Oil ^jSUo ( i ) 

. iJljJi ^^ii f(x) = -X iJljjl ^-^SU* ) 

. (y>0 fJi ^) g(y) = y 2 aJIjJI y> f(x)= 3IjJI (^) 

• g(y) = y =- i y^ aijJI f(x) = 2x- 1 yijJI ^^sUo ( i ) 
< y x . j-f y = f(x) SbUJl J>J aJIJI ^-j&h Jlp Jj^JlI 
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ijj ^ f(x) - x 2 aijji dUi jb. . ^ ^* sib js" c-J 
, go) = i ^ g ji* ^ ab . f(D=f(-D=i oi ^ • 
x > o ju-J^ f(x)=x 2 au» UiJ^ j) • Oj^. g(D = -l 

uijjl f ^ a,a ^ s(y) = y 2 ^ ^ 

. f(x,) * f(x 2 ) oil x, * x 2 J f JU«o J x 2 j x, 

. y = f(x) 0LS- lil - f' ^L, f^JlsS- 

J^^JJ W Sila f CJIS- lil x = f , (y> ^ U 

. (f 'y(y) ii^J ^ j f'(x) ii^J ^ 
3 L~V oi! . «x) ^ ^.jJj ^ b W 1 ^ ^ ,i! 

jij y = 5x + 2 J*»-l < f(x) = 5x + 2 ^jk^ 

y-2 
• x= 5 



i, \ x-2 
r i( x )=___ 

• dx i . dy U^UJI XA~*H 

" dy ^» dx ' 

dy = __J 12 SJl*15 

dx (dx/dy) 



Example 2-6: Find dy/dx, given x = 4~7 + 5 
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^-=2(x-5) lii * y-(x-5) 2 4bt~Ji J.U : yJjV) iL>^ 

dx^l _ 1;2= 1 
dy 2 y 2^7 

.^2^=2(x-5) 

dx 

The chain Rule J^Lull oJ^ii ♦ 

til S-^yJI iUUJl f(g(x)) ^1 <JIjJI L5 *-J g j f 

f(g(x)) 4JljJJ 4--JU^? 4_Jw> L^L*^ ^ ! ^J^ll J^b^LlJ 1$1*>U. i 

Oil g(x) = 2x + 1 j f(x) - x 2 + 3 c^l^ lit *. 2-7 J ill 

-^=8x+4 j y = f(g(x)) = (2x + I) 2 + 3 = 4x 2 + 4x ♦ i 
dx 

Example 2-7: If f(x) = x 2 + 3 and g(x) = 2x + 1 , then 

y = f(g(x)) = (2x + l) 2 + 3 = 4x 2 + 4x + 4 and -^ = 8x + 4 

dx 

D x (f(g(x))) = f *(g(x))g'(x) J^i-Ji SJpU : 13 sapIi 
D x (f(g(x))) Oil * iJL^Ijjl ^IjJL g j i^-jUJ! aJIjJL f o-c_ lj>; 



g*(x) = 2 j f'(g(x)) = 2g(x) Oil * f'(x) = 2x 2-7 Jlio ^ i 2-8 Jtl» 

Example 2-8: In Example 2-7, f (x) = 2x. Therefore, f (g(x)) = 2g(x) and 
g'(x) = 2. Hence by the chain rule. 



D x (f(g(x))) = f T (g(x))g'W = 2g(x) • 2 = 4g(x) = 4(2x + 1) = 8x + 4 











y = f(u) = f(g(x)) ^ j*M tfUJl OM • 




dy _ dy du 
dx du dx 





.u = 4x 2 - 2x + 5 j y = u 3 jo : 2-9 Jtl« 

I y> l^JUbliij y = (4x 2 - 2x + 5) 3 ^ IS yJI Oil 

Example 2-9: Let y = u 3 and u = 4x 2 - 2x + 5. Then the composite 
function y = (4x 2 - 2x + 5) 3 has the derivative: 

dy = dydu = 3 u 2( 8x _2) = 3(4x 2 -2x + 5f(8x-2) 
dx du dx 

j L,-;M sj*15J ijUJl J : 

dy _ dy du 
dx du dx 

^1) u ^.^JcuJJ JLJL^I 5JIJJI J! 0*3^1 ^ ^1 y >oy 
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y = (x 2 + 4)(2x 3 - l) 3 J^>U : 2-10 
Example 2-10: Differentiate y = (x 2 + 4) 2 (2x 3 - I) 3 . 

y. = ( x * +4 ?± (2x 3 - 1 f+ (2x 3 - 1 f± (x 2 +4 f 
dx dx 

= (x 2 +4 f (3 )(2x 3 - 1 f± (2x 3 - 1 ) + (2x 3 - 1 f (2 )(x 2 +4) A (x : - 4 
dx dx 

= (x 2 +4 f (3 ) (2x J - 1 f (6x 2 )+ (2x 3 - 1 f (2 ) (x 2 + 4 ) (2x ) 
= 2x (x 2 +4 )(2x 3 - 1 f (l3x 3 +36x-2 ) 

Higher Derivatives ^Jb&Vt uUlLIUI • 

^jVl iL&JuJI cjLT til . <JIjJJ (Jj^l J^UJt) Jj^l -ii^i 

%y'\ orf"(x) 
dx" 

y"\ or f "' (x) 

dx' 
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. f"V) J-ji f(x)=- T ^=2(i- x r 1 : 2-11 

Example 2-11: Given fix )=-^-=2 ( 1-x )"', find /"'(x). 

f'(x)=2(-l)(l-x)- 2 (-l)=2(l-xr Z =2(l!)(l-xr 2 

f"(x)=2(l!)(-2)(l-x)- 3 (-l)=2(2!)(l-xr 3 

f'"(x)=2t2!)(-3)(l-x)- 4 (-l)=2(3!)(l-x)- 4 

UJ^-U- jZ+i. S~~JI »i* • Ax) =2 (n!)(l - x)-<" + 1) 

Oil f k \x) = 2(k!)(l -x)- (k+l) 
f*+ "(x) = - 2(k!)(k + 1)(1 - x)-< k + 2 >(-l) = 2[(k + 1)!](1 - x)^ + 2) 

Implicit Differentiation ^mAII JwtfSJI • 

: 2-12 Jii4 

2iHjJiJyux*2 g xy + x-2-l=0 ^bUJi ( i ) 
Example 2-12: 

(a) The equation xy + x - 2y - 1 = 0, with x * 2, defines the function 

1-x 

y= — ~ 

x-2 

aijJI *Jyu 4x 2 + 9y 2 -36 = 0 4bU*JI (<~>) 

(b) The equation 4x 2 + 9x 2 - 36 - 0, defines the function 
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iJljJIj y = 0 ^5 



: jjal\ ^jb-^ I^JLp J^v^Jl ^^Lqo. y' 

J^LixJl 4_Ja^ .... y' .iLixJUiJ 4_j>*jU! ab^UJ-I J-^j x ^ I i*~JW 



^ o^L-' 1-^-* . y < 0 jg|x|<3 6 j& U.. * 

(-3, 0) J^^kaJI JJJ^ J^Ujkj Oj&j ^JJIj oUa*JI ibUV 

. (3. u> i 

xy + y-2y- 1 = 0 L <J^j y' Jl^jI : 2-13 jCU 
Example 2-13: (a) Find y', given xy + y - 2y - 1 = 0. 

L . 



x~-(y )+y-f-(x] 

dx dx 



+ -f(x)-2A (y )_A( l)= A(o) 

dx dx dx dx 



X y' + y + 1 - 2y' = 0 



. i+y 

2-x 



. 4x 2 + 9y 2 -36 = 0 Ja^j x = VT JjSj Ujup y' ) 
(b) Find y' when x = , given 4x 2 + 9y 2 - 36 = 0 
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4A( x2 ) +9 A( yJ ) + A(_36)=8x + 9-f (y z )-|=8x + 18yy'=0 
dx dx dx oy ax 

I — 4x f 

^y5l J* (a/T,4/3) iikiJ! Jup y = ±4/3 < x = V5 ^ y' = ^ ^ 
^yJl ^ (VT,-4/3) ikiJi Jupj y' = -VF/3 ^bJi ^ 

Derivatives of Higher Order a£>II S* 2 ^ # 

JIjl^-1j oy^A y*i\ ajJ\ i*^> llu^p J^U* 61 JjMl i*JJt • 

. iojLJI ifi^UIlj y' 

2-13 ( \ ) ^ : 2-14 
Example 2-14: From example 2-13 (a) 



J 2-x 



d /lV „ d fl+v \ (2-x)y'-(l+y)(-l) U-x J 



&1 
1+y 



2+2y 



(2-xf 

UiUJJ j^UJI L5 ^wJi J^LiJI »»>riH ^1 * 
J? vjj^j i^lLJI ii^JI ^ Jj-^>Jl1 o!j*JI iJ*5 sUwuJI 

. eUa)t« ila&J ,_yl Lc ^ *— 0 
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x 2 y + 3y-4 = 0 ^y^ul) (-1, 1) SLfcJ! Ju^ y" '<UJ J^/\ : 2-15 jCU 
Example 2-15; Find the value of y" at the point (-1,1) of the curve 

x 2 y+ 3y - 4 = 0 

(x 2 y' + 2xy) + 3y' = 0 

[(x 2 y M + 2xy') + (2xy' + 2y)] + 3y" = 0 
J>ylfS . y'=-±- ^ J^J JjVl 35UJI ^ y=l « x = -l 

. y'^O^ J^J ^ y' = I , y=l , x I 

Solved Problems iU^bt* JjL*« • 

Ay/Ax j Ay J^-jl . y = f(x) = x 2 + 5x - 8 \ 2-1 iljU* 

. x, = x 0 + Ax = 1 .2 I x 0 = 1 y x ^-Jcci' L juj 

Solves problem 2-1 : Given . y = f(x) = x 2 + 5x - 8, find Ay and Ay/Ax ,r. 
x changes from x 0 = 1 to x, = x 0 + Ax = 1 .2 . 

Ax = xj -x 0 = 1.2- 1 = 0.2 : J*Jl 

. viDJJ Ay = f(x 0 + Ax)-f(x 0 ) = f(1.2)-f(l) = 0.56-(-2)= 1.22 . 

Ay 1.44 

— = =7.2 

Ax 0.2 

J^li : 2-2 tybM 

Solves problem 2-2 : Differentiate 

y=— +— +— =x" I + 3x~ 2 +2x -3 

X X^ X 
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dy = _ x -2 +3( _ 2x - 3 ) +2 (-3x- 
dx 

=-x- 2 -6x- 3 -6x" 4 



1 6 6 

J^U I 2-3 iljUrf AJU* 



x 2 x 3 x 4 



Solves problem 2-3 : Differentiate 

s=(t 2 -3f 



ii=4(t 2 -3F(2t)=8t(t 2 -3) 3 
dt 



J^iU : 2-4 4)>U* 2tfU» 

Solves problem 2-4 : Differentiate 

f( X ) = X 2 + X 4 + X 6 



r(x ,=A ( ^xW)=A(x 2 » + A (x , + A (x , 



= 2x+4x 3 +6x 5 

J^li : 2-5 i^iUa 



Solves problem 2-5 : Differentiate 

f(x]= ^±ll, x >o 

X' 



x 2 )(2x )-(x 2 +2)(2x) 2x 3 -2x 3 -4x _ 4x 



rlx)= (x 2 f 
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■ f (4) j f '(-4) Jsrj\ . f(x) - 1 - x 3 J*** : 2-6 
Solves problem 2-6 ; Given f(x) = 1 - x\ find f (-4) and f (4) 

f(x) 4]!jJ! J-^Ui* ^\ ^jf : 

f'(x)=-3x 2 

oij 

f'(-4)=-3(-4) 2 =-3-16=- 48 
f (4)=-3(4) 2 =-3*16=- 48 

: atjji j^u : 2-7 ^i^bu aiu* 

Solves problem 2-7 : Differentiate the function: 

f/ \ ax 2 +bx+c 

f(x)= T^ 7 

dr+ex+f 

. f(x) 

r ( x ( d ^+ex+f)(2ax+b)-(ax 2 +bx+c)(2dx+e) 
(dx 2 +ex+f) 2 

^Jj i^JL ij^jb ^L-^> ^ ^ccJl Jjuw ^ : 2-8 Z^bw 2lUi 

. R = 5 -Up ^JcJl Jjuw j^-ji CUjJ . R U^c-ivii 

Solves problem 2-8 : Determine the rate of change of the area of a circle 
with respect to its radius, R. Also, evaluate the rate of change when R = 5. 

A = tcR 2 

R U>3 ^ syb <^l_o ^ ^JcJI Jj^o , ^UJJ 
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dR 

. R = 5 Jl^p . ii^ita ]sum J±<ij. ^iJlj 

— =2rcR=27t(5)=10rc 
dR 

>jJl^ ^ h ^Lii'j^U sr-*A\ J^A* ^ : 2-9 il$U* ^JU* 

-jj L^-^>t3* OL-J" fjffjJii <-ij>\$ &l^lsu«l pj>*pJ R jJaiJI 

• V = rtR 2 h ^ iil^k-Vl ibU* 

problem 2-9 : Determine the rate of change of the height h, in 
f the radius, R, for the volume of a circular cylinder assuming 
tnt volume as R increases. The formula of a circular cylinder is 

V = ftR 2 h 

iX = ( jcr^ ) ( n $i ( kR 2 ) + 2j cRh 

dR dR dR dR 

7iR 2 — +2KRh=0 
dR 



R^2h=0 
dR 
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^ykwj TtR ^^ip iU^JtSU 



dR R 



: ^ ^s- : 2-10 <tlUo 



Solves problem 2-10 : Determine given: 



x + 1 



y = 4u 2 + 4 



ji ^y>^ ^L-jJj , J*Ju*ai! oApUj J^iaj' Ijla ; Jail 



du dy 
1 dx 3 du 



du 



8 du_ 

x+1 dx 



u+ir 



dy dy du 
dx du dx 



1 \ 8 



■if 



. R S^L 

Solves p 

terms o1 
a constai 
V = hR 2 I 

JJ»k R 
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ilS^^Si^HlBHiiSiil 

. uuai ✓ 

. ^j^l dAllj ^'sh o*li ^ ✓ 
. ^rtf! a*llj a^ukj jiL* ✓ 

Tangents uL*UI • 

us^^ jj^. ' x = x 0 f'( X() ) jjj^ U^j> f(x) iJljdJ oils' lil 

y p 0 ( x o> y 0 ) u- 1 ^ 4 y = f ( x ) 

m = tan 6 = f '(x 0 ) 

Jio < P 0 ^y = y 0 ^iL«^|^L<^ u ^«JJo^. < m = 0 oils' !•>) 
^ ^L^JI ibU* ii,^ j| . 3-1 JSLi ^ E, C, A J>UJI jop 

y - y 0 = m(x - x 0 ) 
lim f'(x) = ~ jS3 x = x 0 Jli*. iL^u i)b f(x) iHjJI oils' lil 
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Ji D j B Ja&Jl Ji* x = x Q SlaUJlj L? k*-* ^r^- 0 ur^^ 

• 3-1 JS^ 




1-3 jSi 

Normals oJLfc&tfl • 

^ p 0 ( x o'>o) ^ iP,*** 14 * J^ 0 " 1/m o-^ 1 

x = x 0 ^L^l 0^ 

^xJU ^j^Jij ^u^Ji ^aU* jl^jI : 1-3 Jiifl 

(2, 4) ikiLJI Julp y = x 3 - 2x 2 + 4 
Example 3-1: Find the equations of the tangent and normal to 

y = x 3 -2x 2 + 4 at (2, 4) 

m = f'(2) = 4 jj* (2,4) Jl^ ^LaJI jil f* (x) = 3x 2 - 4x 
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y = 4x-4 /\ y-4 = 4(x-2) ^ ^U^J! 

y -4= -i(x-2) jt x + 4y=18 

(2,-2) AkiJI JLp tfJJI ^ l a ^ ^ : 2 " 3 ^ 

. x 2 -y 2 =16 JdljJI jJaiiJl 

Example 3-2: Find the equations of the line containing the point (2, -2), 
which is tangent to the hyperbola x 2 - y 2 = 16. 

x 0 2 -y 0 2 = 16 (3"0 

dy _ x 
dx y 

y> (2, -2) jP 0 ^ J^ljJI ^ y 0 ) ^ oi! 



\ Xo 

m=— = ~ 

y 

Jo o 



2) 



x 0 + y 0 = 8 jt 2x 0 + 2y 0 = xJ-yJ = 16 (3-2) 
^ ^ (3-2) SJiU^Jlj (3-1) SJaUJI > ^ (5, 3) ^U^JI 

y _ 3 =|(x-5) 
5x - 3y = 16 
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! m 



Angle of Intersection jkUUI 2jj\j • 

. ^LUd! -Lib llo o^UJI _ 1 

-j- olT lil . <t> = 0 ^UJI ijlj OjS^' m 1 = m 2 jlS' lit „ 3 
n 9 v_ * 

Lft^Ljej .J 
m. -rru 

tan<p= 



l + m 1 m 2 



^ 180° - <|> j tan $ > 0 J—lp 5jUJI ^LUJI ijlj ^ 4> j| c^=- 

. tan<!><0 Jclp oiLJI jLLiJI 4jj\j 

isL^j jjlo oJ^pL J-*2xa jLw) j^jw JjIT : 3-3 JIjU 

^ 50 ft XjkJ Uaib JjL^ ^slS^ ^ JSLi ^ jip . 250 ft 

Example 3-3: A cable of a certain suspension bridge is attached to sup- 
porting pillars 250 feet (ft) apart. If it hangs in the form of a parabola with 
the lowest point 50 ft below the point of suspensions, find the angle between 
the cable and the pillar. 



OjSj (125, 50) y 1 = 4x/625 j y = (2/625)x 2 ^ ^ISUil 

ijjiLJI \ ol ■ 9 = 38° 40' j 4(125)/625 = 0.80 

. <f> = 90°-9 = 51°20 v 



y 







/ / 






/ / 






// 












T(\25 t SO) 














o 


/ 
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uiaVl JbJIj v*3frt\ • 
Maximum and Minimum Values 

Increasing and Decreasing Functions 

u < v jLf lil i^^iJi o^^aJl ^^.J 2jJuI>5 f(x) aJIjJ- 

x = x Q .Up iAljj* ^5*-^' f(x) aijJI . Sytfll ^3V J U p-S J£J f(u)<f(\' 

4-JljJI J^JUj . X Q 4—>j&** *4s~jzAaS\ ojJl\ Ji f( X ) CJlf 

f(u) > f(v) 4^^o u> v jlf til '4s~yA*i\ '6^\ ^ ^UudUj f( X) 
iij x = x 0 js* 4*^a5lij- ^ f(x) 4JIJJI . SjxiJI ^ v j u p3 JSJ 
• x o i^jxiJI e^xiJt ^asLucj* f( X ) OolS 

x = aip i^ljj ^ f(x) 01 ^ 01 jSUji Oil f'(x 0 )>o oils' li; 

x= -Up i^Li' a 1,5 f( x ) 0^3* jij , f'(x 0 )<0 cJl^ lit JJcJLj * 

. OjAL^A ab ^ f(x) Oil £ f'(x 0 ) = 0 CJ^ lil X 

*js-i&\ O^-biy iJUl) ^ir^ y =f( x ) ^^^Jt , 3-3 JSLi 
. r < x<t o^xiil J (lu^by aiJI) ^^uJi Ja^j t<x<u j a<x<r 

j^Jist ^L^o ^yrxOxJJ Oj£jj X = tjX = SjX = rJULP Syi^o 

01 (jl] fiyix^ ^JI^JI O^So* Ujl^p (u,r)x ^ . T, S, R iaiJt jox 
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^ (T, S, R) l«J UAiJI J^JiJIj iiljll ^ ^ ^ [f'(x 0 ) = 0 




3-3 JSl 

&*3i\ gjAl Jfttfj ^^ull JL^I 
Relative Maximum and Minimum 



Values of a Function 2l\ di\ 

RXq) > f(x) ol jJ X = Xo JUP ^ jl^ tfrj ji JLi f(x) 3IjJI 

bl 4_j| ^^U/u < Xo ij^JI o^l ^ ^ X ^ JS3 

. iLoyll JaJLil J^J f( X ) 4_*Js ^jL^i- jt ^ jS\ f(x 0 ) 4aJS cJtf 

J-53 f(xo) <f(x) 61 jJ x = x 0 julp ^{ f( x ) <JIjlU o$&j 
CJlS* lit 43 1 (jl < Xq ^jIp 4j>^*JI 4^jzU}\ ol^iJI ijhju ^ x 

J ^.y^ 1 ^ f(x) 4*J> jt y Jif f(Xo) 4^ 

f(r) > f(x) ol e--^ e^-^il ^j-^ill aL&JI ^ R(r,f(r)) * 3-3 

UJ y = f(x) 0! Jjiii . 0<|x-r| <5 J S^JU* jlJb- jup 

• x = r (=f(r)) 4^A-i 

^j>- < ^y^LciJ 4-~-JI Ljjjl 4I2AJI ^ T(t, f(t)) « JSLsJI ^ ^ 

y oi . 0<|x-t|<5 (J i IcS ^ jlJ^ ^! Jljlp f(t)>f(x) ol 

J— ^' R Oi Ja*-^ . X = t JJLP (= f(t)) 4^J 4^J l^j = f( X ) 

* (f'(x)<0) J^, ^Ji\ RB ^-jaJIj (f'(x)>0) ^ AR 
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^jJI TU ^jJilb tf'to < 0) ia^. ^JuJI CT ^yi\ J-*y T 
j^L^o^ OU^, U-ft^ SC j BS jL-yll . S JJlp (f'(x)>0) 
. ^ys^jJi ^\ '&3A> <Jj+aS S SLidi U-U± 

Jl^ I4J f(x) jlT a<x<b ^ J^Uxi) iLU f(x) cJtf lil 
. f'(xo) = 0 lil * a<Xo<b ol x = Xo Jj* (^1 ji) Lr **> 

First Derivative Test ^jt\ 2£L*U* ^Lu£i 

LJlo f(x) ^JljdJ (ift-i (^it jt) ^yvail .^~~dj) t^-^ 1 

. a^pJl p-JOJ f'(x) = 0 _ l 

. 5> jr ^W(x) sjUi ^ - * 

ji) < X = X 0 <> -r > ift-J J Jb Ijtf x go _ l 
. (3-4 JSLi) - J) + ^ O^Ju f'(x) jJ^Xq) tf^fli 4aJ I4J f(x) ( i ) 




fa) 3-4 <j££ 

+ ^1 - j-o O^' f'(x) < f(x 0 ) ic^i ^aVl I4J f(x) ( v ) 

. (3-5 JSLi) 
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1 . 

Jfo 

(b) 3-5 J&i 

^ f (x) jj x = Xo JUlp 4*Ji ^1 j| JLp! f(x) ^IjlU ^ ( 

. (3-6 J^) . l^Lij ^ 




3-6 
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J**j> ; 4-3 Jll* 



y=— x 3 + — x 2 -6x+8 
3 2 



. y aJIjJJ ^-i ^iij (^^5 (-=r) < A-uvaSlu^ 

Example 3-4: Given: 

y= — x 3 +— x-6x+8 
3 2 

find (a) the critical points; (b) the intervals on which is increasing and 
decreasing; and (c) the maximum and minimum values of y. 

A^JI l5 Ll*j y' = 0 £#y t y* = X 2 + X - 6 = (x + 3)(x - 2) ( I ) 

. (2,2/3) j (-3,43/2) ^ JLfcJI . x = 2 < x = -3 

<J 1 — y' j jSo* LoJlLc^ i Juljjf y o * 4^=r ^ y' j LoJl*p (*»-->) 

. ^' ■ Itf y j 

. 4j Juljj y j y' = (-)(-) = + * x = -4 y&ox<-3 Jclp 

. iwaabj- y j y' = (+)(-) = - ( x = 0 * *>lto -3<x<2 JJ_p 
. 4j.-b.ljj' y j y' = (+)(+) - + < x = 3 < ^JU x>2 jup 



>^r3 f(Xo) ur*^ pa* ^ 0^$o. 0! f(x) aJIJ! 

Coj.I ^y^-j' o->^r>° ^ f W Cr^^ f(x) ciyu' ^yjl x = x 0 . f(x 0 ) 

. f (x) = o j_*>j ^jji p^oii ^ ii^ j^r . 4_jijJU s^ji 

. ^j^ft <&Liy<J! jL^-^! *>-y>- p-^' j»-i>tx-«j 
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x<-3 


X- 


-3 


-3<x <2 




= 2 


jc>2 


/ = + 
y increases 


y' = - 

y decreases 


y increases 



(-8,43/2) 




3-7 JS3 

L^K ^Mij Jl>JJ x = 2 « x = -3 4*-j*J1 (^r) 

< x = -3 Jo* dUJJ ( - J \ + ^ L^jUt ^j'y' . -3 J^Ux ibjj 
y - iijLii ^JccJ < 2 J x JbJ^' . 43/2 4aJ ^1 l$J y 
. 2/3 <J>\ l^y < x = 2JUPjiJ + L ^l- 

. ^5 y = |x| ^1 : 3-5 J& 

Example 3-5: Examine y = | x | for maximum and minimum values. 

JlJjJ . x = 0 Iji* U x ^5 iuxJ^ l^Jj oli* ^ 45yw aiJI 
OjJj x > 0 f '(x) = -1 x < 0 ^ . ^^4^s tjr fcx = 0 

. x = 0 Jl^ (=0) ^al l$J aijJI . f'(x) = +l 

Concavity 

^j-Sll yiJUJU y = f(x) ^^^Jl Cr° 

1 c\ f'(x) OjSo ' X Colj UAS* . iLijJI oJLft Jji JS* 

j I (3-3 J-SLiJL] b < x < s oyt-iJI ^fl) abjJj ojU)tl ^ I4J 
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^ . (c < x < u ^) ^1 Cr* 

. f"(x)>0 JJJJ f'(x) abji ^^J* 

JtS OJlT iij Ji-M >uJt> y = f(x) ^^Ji y> o*^ 1 

Lot f'(x) X Colj UK . SlafcJI oi^J ^-U^Jl j^J^ 

^ju j( (3-3 J-SLi ^ s < x < c oyi^\ J>) Jtfj ^Li^\ ^ I4J 
j^JUJ! ^ (a<x<b o>JI ^ cJL- <r^ry> y> SjLs^ 

. f"(x)<0 j J* f'(x) J^Jl 

Point of Infection uiffitf 1 IkSj 

. B, S, C ^ iUi 3-3 * J * 

j| f"(x 0 ) = 0 J l-j^UsI ikiuS' x = x 0 aJpU: jo^l <d y = f(x) ^y^J^ 
J» yiJl) . x > x 0 j x < x 0 JafcJI j-u l*>jLi I f " = W J 
. (oi^^o f m (x 0 ) f'W^O a^US' j^aj. 

. ^^UTJl iUij yuiJI *>U y = x 4 -6x + 2 ^1 1 3-6 
Example 3-6: Examine y = x 4 - 6x + 2 for concavity and points of inflection. 

. 3-8 JSLsJL aJIjJJ ^ljj 




3-8 
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^ . x = 0 iuS^JI ^yjL>^\ iUi . y"= 12x 2 Lo.jJ 

o£y x = 0 ^ ^5^1 dJJjJ ( y" = + ( x>0 jx<0 

. c~J (0,2) ikiJI LiiJjJ 

Second Derivative Test 2Lu&l ^i"ntf jUi^l 

. j>**i\ J**i\ j^iS ^ J L x ^i 

. a^JI ^JOJ sjj^ ^ OjSj f'(x 0 ) ^1 ^ f'(x 0 ) _ 1 

. X = X 0 A^y^ JS3 _ 2 

. (3-4 JS^) f"(x 0 ) f(x 0 ) ^{ l^J f (x ) 

■ ( 3 -4 JSLi) f"(x 0 )>0 jl f(x 0 ) ^| l^J f (x ) 

oljfe cj-* ■ (3-6 JSLi) <i^o j± /\ f"(x o ) = 0 jL^I J^i. 

- JjVl Aix^UJt j»Jbk^,l ^ Jb^ < ilUJi 

flJic^L ^j^l J^Jij> Ju>JU f(x) = x(12-2x) 2 : 3-7 JlJU 

Example 3-7: Examine f(x) = x(12 - 2x) 2 for maxima and minima using the 
second-derivative method. 

x -Up ^^>JI ^jtfl dUAJ f'(x)=12(x 2 -8x+12)=]2(x-2)(x-6) La 
f(x) , f "(2) < 0 . f "( X ) = 12(2x -8) = 24(x-4) 0»\ x = 6 < =2 
Ss~ LgJ f(x) < f "(6) > 0 . x = 2 JUp (= 128) t^J 

. x = 6 -LLP (= 0) 
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Applied Problems Involving Maxima and Minima 

< [a, b] luLu o> ^ Ji-SH J*Jtj J^Ml J*JJ f^ 1 
: (iibJI jl iax^JI _,L*M ^ ^t; J-V) V^ 1 ^J* 51 f-^-J 

JS" y = f(x) SJIjJI j^ju f*i . C Sa-^JI JS" "^jl 
o i_* OjLS \' Jtr £-\ . f(c) i-^-^ Sk£ JS' julpj f(b) , f(a) -k£ 
. JsH\ Jl^JIj ^Sll JbJI ^ 
J^U 01 c^- c^i- J! 120 >J*S\ ^ : 3-8 JCw 
. JLp^I J>Ji j^. J>bi\ gy>3 JjMl 

Example 3-8: Divide the number 120 into two parts such that the product 
P of one part and the square of the other is a maximum. 

P = (120 - x)x 2 oil < ^bJI fj^Ji ^ 120 - x j J/^I * j>JI ^ x go 
, x = 0 ^ ^ry>cii * dP/dx = 3x(80 - x) J I 0 < x < 120 j 

JL*JI p3 oil . P(120) = 0 j P(80) = 256000 < P(0) = 0 O^i . x=80 
. 40 < 80 Iaa ^ajALJI ^J>JI . x = 80 -Up ^IpMI 
. (in 3 ) 4_;j60j ^ 64 <u^- Aj.yb oJlpUj jLu^i p-Ip^ : 3-9 

4J u-JjJLLJI O-UaJL] A^ln.Jl 4^L~JI '<L*£ <oL*J Jjrjl 

r jo . jJUui (i^j) < qjxao ( i ) fU^St OjSo U-Up Lo JSI 

. *UjJI V ^ JJL*^JJ IL>Ja*Jl 4^L^J1 

Example 3-9: A cylindrical container with a circular base is to hold 64 
cubic inches (in 3 ). Find its dimensions so that the amount (surface area), 
of metal required is a minimum when the container is (a) an open cup and 
(b) a closed can. 
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I 4JIJL? A gA^^i . V = 2nrh + nr 2 3 V = rcr 2 h = 64 in 3 ( 1 ) 

dA J28 ± . 2(7tr 3 - 64) a A . 64 ,128 , 

— = — -f 27ir=— — - 3 A=27tr — -+7tr= -frcr 2 

dr i 2 r 2 rcr 2 r 

r-h=4/W jil h = 64/7ir 2 =4/-^7r blr = 4/ 3 vT ii^^l iuJdlj 

^ dA/dr<0 j i-^y>JI aa-jaJI ^ { j je J>\ 4-^>JI ^ dA/dr>0 j^l 

ojSj. ^jV! ia^uJI jL^-L III . i^>Ji aa^aII (j^JI 4^>JI 
^ jb-j, V 4jj cu^j . jl>JI Lb J 

< V = 7ir 2 h = 64 in 3 \£j>-\*jA jl>- jjj ( ^ ) 
A = 2rcrh + 27cr 2 = 2)tr(64/7tr 2 ) + 2rcr 2 = 1 28/r + 2rcr 2 
dA 128 . 4(7tr 3 -32 ) 

. dUJJ h = 64/7tr 2 = 2^4/7 jij . r = 2V4/jT iryJI 2a-u5JIj 
. ( I ) *j>JI ^ Lj US' ^J*H\ Jl=>JJ £ilko 4a-5 Uj^j. h = 2r = 4^4/71 
5 (mi) ^.Ap . 3-9 J_£i P Juip ^jls ^ J^j : 3-10 J& 

^LsJI ^ B ^Li^J J^, j| J^j, ^U! JU- A ^yl y> JLol 
j-,^ Ol J ^ OlSLo ^1 ^ . y>j Jif ^ A ^ 6 (mi) AsL^ JLpj 
? 4 mi/h jL, pJ' (mi/h) apLJI ^ ^JLo Ji> ^ ^LUll 

Example 3-10: A man in a rowboat at p in Figure 3-9, 5 miles (mi from 
the nearest point A on a straight shore, wishes to reach a point B, 6 mi 
from A along the shore, in the shortest time. Where should he land if he 
can row 2 miles per hour (mi/h) and walk 4 mi/h? 
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AC = X £Oj J-r^Jl LaJJ-P B J A 0* ^ C £? 




dUJJ * t! = (6-x)/4 yjlLJl ^1 CB = 6-x ^ 4sL~o 



t=t,+L=-^25 + x 2 +-(6-x) J 



dt 



x l_ 2x-^25+x 2 

dx"2V25+x 2 4 4^25 + x 2 



2x-^25 + x 2 =0 ^y> S^JI ^u-Jili 

x--./7~2.89 
3 

. B oU*yt ^ 2.89 mi asL~o A JulJ aLuu Julp ^ ^. jl Jj*i < dUiJ 

Solved Problems JjU* • 

ji Lj _U! jl^ -lJ y = x 3 - 8 L ^.J1 jl : 3-1 if$Ua 



Solves problem 3-1 : Show that the curve y = x 3 - 8 has no maximum or 
minimum value. 

y' > 0 j_£J . x = o ^r^JI i^jfll y = 3x 2 = o ^ ; J*f| 

J}\ <J -^\ ^ l^J ^ y &\ . X>0 JU*J) X<0 UJL^ 

^idJ y = 3x 4 - 10x 3 - 12x 2 + 12x - 7 ^! : 3-2 ij^bw 4lU* 

Solves problem 3-2 : Examine y - 3x 4 - 10x 3 - 12x 2 + 12x - 7 for concavity 
and points of inflection. 



y' = 12x 3 - 30x 2 - 24x + 12 

y" + 36x 2 - 60x - 24 = 12(3x + l)(x - 2) 



Jij X = 2 j x= 4^J! j^^f y» = 0 JO 

• LJ ^JIj y" = + x<-I Jclp 

. Ji-*^ yuw ^r^uJIj y" = - -I < x < 2 

. j*Jia l ^>UaJIj y" = + jjSj X>2 JULP 




(-1/8,-322/27) 



SP3-1 JS£ 



Jip ojU^i y" j] ^ (2,-63) j (-y,-^) ^ ^ 



SP3-1 JSLi ^| x = 2 d x--, 1 



3 

J->Jlj -bUi y = x 2 + 250/x : 3-3 4)U* 

Solves problem 3-3 : Examine y = x 2 + 250/x for maxima and manima 
using the second-derivative method. 

. X = 5 ^ 4p^| ijj , y> = 2x-^= 2{xi ~ l25) U I j*J| 

x 2 x 2 

(=75) 4x*J ^| ^ I4J y < x = 5 Julp y">0 0*^ y " = 2+ — £jh»\ 

x 3 

. X = 5 JULP 

ljA^S3l . A^H\ j»JiJ 200 ^jl^x^L : 3-4 ilUo 

j-fcxj ^^—Jt 4iJjJt ^Uul ^ Lo . Jj^Jt JaSUJ <$sr\y* 3^3 

Solves problem 3-4 : Using 200 feet of wire, Alexandra would like to 
construct a rectangular garden consisting of three sides with the fourth side 
against a wall of the house. What are the dimensions of the garden that yield 
the maximum possible area? 

. Jj^xJJ iibJbJI i^jU- J — y 

Oil . fJi5 200 dUUU ^1 J ^LJl 

2x + y = 200 (l) 



A = xy (2) 

. x y (0 <!^IaaJI Jxh 

y = 200 - 2x (3) 

(2) J (3) 4bl~JI Jv.y* 

A = x(200 - 2x) (4) 

i^L-Jl) iu-i jS\ il^j ^ < 0<x< 100 S^xill Js> <9yo> 

aUJt oi* ^ [0, 100] *6>u!t ^ x ^oJ A = f(x) = x(200 - 2x) 
A = f(x) = 200x - 2x 2 

f '(x) = 200 - 4x 

f (x) = 0^ 

200 - 4x = 0 
4x = 200 
x = 50 ft 

. (3) ibUcJI ^ iUwJiJI oJ^j ^^cJL 
y = 200 - 2(50) = 200 - 100 = 100 feet 

3yJ?3 t^j— 2*Jt Jj>JI J-* '<^>y> *-*IaS (jr 1 ^ : 3-5 il^U* itU* 

ijjj 4*k£> ^JJI £p*JI L» • ^ « °^r* 

Solves problem 3-5 : Given a square piece of cardboard with sides equal to 
16 inches, Laura would like to construct a box by cutting out four squares, 
one from each corner. What is the size of the square that should be cut 
out in order to maximize the volume of the box? 
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16 -2x = JjJaJI 

(^lir^l) (^yJl) (JjUl) = V(x) = j^JI 
= (16-2x)(16-2x) (x) 
= 4x 3 - 64x 2 - 256x 

[0,8] SyoiJI ^ U ^ I jjJCLs^l ^1 x JuJi 

dUJJ o'JUz^l ^ ^ ^ 8,0 . v'(x) = 0 oUL^Jl 

V'(x)=12x 2 -128x+256 

= 4 (3x 2 - 32x + 64) 
= 4 (3x - 8)(x - 8) 

V'(x) = 4 (3x - 8)(x - 8) = 0 

x = 8 j x=| : Oljir l&J 
^S'l j-ii>o' ^^^jJI x aa-j UjSo' f dUi oils- x = 8 jl 
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: JmiUI Cub J 
. 2uS&i Jijdii J«Qj ✓ 

. 4j+£*}\ JljJJI ✓ 

. 2u*ujIajUIj Wih Jljdit >Uj ✓ 

. AJ^w JiU* ✓ 

2uS&f Jt^JJ! JmLu • 
Differentiation of Trigonometric Function 

Radian Measure (&>laull) i£>jldJI juU^I 

ijjljjl Lr -»Jui j-^ jj-s^aJI AB ^-j-aH i } s j^JLj >— 

^Lkflll Ss-L-^ (_s-li >V s £j*5 r t-ayVi iyljJ AOB ijjS'yJI 

. (4-1 JS^, >il) AOB 

lit . (l° l^XftJ AOB SjjIjJI jil < Il^J! ^ 1/360 = s oils' lil) 
Jxj>«j ji Ujj . (rad) ^yb y.J-ii' 1 ijljJI ^Li OjSo < s = r oils' 
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4.1 j££ 

OL^p) 180/7i= I rad ^^Sj u( ^SUj jil , 27crad y> iLolfll S^IjJI 
* 45° = Ti/4 rad < 30° = n/6 rad < 0° = Orad JUJJ l° = 7t/180rad j 

. (360° = 2ti rad * 180° = 7crad 
cfi+i oil < ot LajIjlaoj oUjjJL c^Ji AOB j( ^i>^il 

^ s = _|. ar (4.,) 

lij Orad l^u-sj ^IjJI ^.JjdL c~J> AOB jt ^i^il 

(4-2) 



s = — ar 2 
360 r 



s=Ier 2 



s = 9r 



Trigonometric Functions ludtl Jl^dfl 

U-^J 9 ^d l^Us ^1 ^1 . ^Ji^ ^ ^| e go 

JjMl 1^1^ o>5;. oJlcL^cuJ! jjUJI ^Lts ^ J^l ikib 

. (4-2 JS^ >l) x jj^ Jj> jj^ 
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4-2 JS£ 

oliUJI cJ^j ^ Jlp ijbU ^Wl ^UJI J* P(x, y) ^ 
. cos0 = x j sin9 = y JljjJI <Jj*± jil - 0 ^> 
^Jboj , VtJbJl iiJLP^I 4*3 ^ cosG j sine <y> JS3 uijytfJI 
^ 0 43 1 - -1<x<1 y> cosG ^Aaj -l<y<l ^ sine 

jil , (4-3 JSLi >3l) ABC ^sUll ^AxU} SaU- 4^1j 



sin 0 



cos 0 = 



tan 9 = 



AB 

AC 
AB 

BC 
AC 




4-3 JS& 

^ ^Ulo ojlj a j\ vi-»- tan a j_> JjUJI J^JJ m J^JI 
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4-2 JjJ-^-j a-w^LaJI '^duS\ JljjJl u ^ju ciyu : 4-1 JjJ^ 

. ^LxkJI JtjjJU ^| 



sin 2 0 + cos 2 0 = 1 
sin (~B) = -sin 0, cos (-0) = cos 0 
sin (a + p ) = sin a cos P + cos a sin p 
sin (a - p)~ sin a cos 0 - cos a sin J3 
cos (a + fi) = cos a cos p - sin a sin p 
cos (a - p) = cos a cos p + sin a sin /3 
sin 2a - 2 sin a cos a 

cos 2a = cos 2 a - sin 2 a = 1 - 2 sin 2 a = 2 cos 2 a - 1 

sin (a + 2tt) = sin a, cos (a + 2tt) = cos a 

sin (a + 7r) = -sin a, cos (a + tt) = -cos a, tan (a + w) = tan a 

sin ~ «) = cos a, cos ~ a ) = sin a 

sin (7r - a) - sin a, cos (rr - a) = - cos a 
sec 2 or = 1 + tan 2 a 



, , J 0 , tan a + tan p 

tan (a + fl) = — 

p/ 1-tanatan/i 

tan (a - P) = 



tan a - tan 
1 + tan a tan p 



4-1 JjJe 





sin x 


COS JC 


tan x 


0 


0 


1 


0 


tt/6 


1/2 


V3/2 


V5/3 


tt/4 


V2/2 


V2/2 


1 


tt/3 


V5/2 


1/2 


V3 


7T/2 


1 


0 


00 


7T 


0 


-1 


0 


3tt/2 


-1 


0 


00 



4-2 JjO* 
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Differentiation Formulas <UUaUIll jjjaII 

. (e j^JL iji^i 

— (cos x )=-sin x 15 oOfilS — (sinx)=cosx 14 oJ^li 
dx dx 

— (cot x)=-csc 2 x 17 otifili — (tan x)=sec 2 x 16 
dx dx 

— (esc x)=-csc x cot x 19 oJfiii ™-(sec x)=sec x tan x 18 odcli 

dx dx 

y = sin 3x + cos 2x ibbcJJ ^J^H\ 4ix-ixJl J^rjl * 4-1 JU4 
Example 4-1: Find the first derivative of y = sin 3x + cos 2x. 

y' = cos3x— (3x)~sin 2x— (2x)=3 cos3x - 2 sin 2x 
dx dx 

.f( x) = c^x_ aijLj j jysj, . 4 _ 2 j& 

Example 4-2: Find the first derivative of f(x) = . 

x— (cos x)-cos x— (x) 
\ dx dx -xsinx-cosx 
f x = : = ; 



lu»S*i\ A-u&l JJjJLTI JmUj • 
Differentiation of Inverse Trigonometric Functions 
The Inverse Trigonometric Functions lui&ll 3u>jlddl JljJJI 

J_j^Ju cJ_jyu) y = arcsin x <wO$o iJljJl ^ * x - sin y oils' lil 
. sin y aJIjJI ^Jia j>j -1 < x < 1 arcsin x JU** . (y = sin' 1 x y> 
JL^a . sin y JL^to ^ iJLJi>Ji aijip^fl iui arcsin x 

. c-j^JL-^M ij*^. ^W^.i ^*>SoJ 1 ^LiAiuJl JljjJl ^J^jj 

jv-^— Jid ifislj^ i)L* dUJJ . ^-Jtf! o^Sfaa ^SUJI ^LxkaJi JljjJ! 



fjjJ&\ 4-4 J_S^ , iJb J_£J (y-.L.Ml ^Juj) 4-3 JjJuj- 



Function 


Principal Branch 


y = arcsin x 




> = arccos x 


0^^ ^ 7T 


y = arctan x 


- JtT<)>< |tT 


y = arccot x 


0<J < IT 


y - arcsec x 


-7T^^<-^7r, 0^y< ±77 


y ~ arccsc x 





4-3 J^JLr 




— (arctan x )= 

dx l + x 2 



22 oUfiiS 



— (arccot x )- 

dx 1 + x 



23 SdbcLft 



— (arcsec x)= — , 



24 eOfiU 



— (arccsc x )=- 
dx 



25 oJkCiS 



. y = arctan3x 2 ibbwl! JjVl i&JUJI Jl^jI : 4-3 JUU 
Example 4-3: Find the first derivative of y = arctan 3x 2 . 

1 



dx 



l + (3x 2 f 



A( 3x2)= ^x 
dx l+9x 4 



f(x)=xVa 2 -x 2 +a 2 arcsin- aJIjJJ ii^uJi Jb-jl : 4-4 J& 

a 

Example 4-4: Find the first derivative of f(x)= x Va 2 -x 2 + a 2 arcsin — 



f x =x 



i(a 2 -x 2 r" 2 (-2x! 



+ (a 2 ~x 2 )" 2 +a 2 - 



Hi 



= 2ja 2 -x 2 

Differentiation IL^ttjUlj Wtff JtjJJI JwUj * 
of Exponential and Logarithmic Functions 

e = lim|l+™ 

h-++~\ h ; 

ol CtfJ j£aj 4sU>)!1j . lim (1 + k) 1/k aLJ aJl& ol e oil 

e=l+l+— + — +■•■ + — +•• - = 2.71828 
2! 3! n! 
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Logarithmic Functions 2m2jjI£$UI Jl^jJl 

. y = log a x J>y6 jil , a y = x ^3 . a* 1 j a>0 ^^i! 

. 4^*£p Jij^ ^j* y = log a x j x = a y 
x ^^^JJ ^yuJJl pajUjUl LS a^- lnx oil . lnx = log e x £o 
:>Up\II ab y> JUJIj x>0 jjb Iog a x JUo . 4-5 JiLi 




4-5 



Differentiation Formulas \i'JbUu)f jjuaII 

-7- (log a x W—loge, a > 0, a*l 26 oJ£l£ 

ax ' x 

1 

x In a 

-£-(lnx)=- 27 oJLfil2 



— (a x )=a x In a, a > 0 
dx 



28 oJbfrli 



. y = log a (3x 2 - 5) 4libwU iHx^J! J^jl : 4-5 J& 

Example 4-5: Find the first derivative of; y = log a (3x 2 - 5). 
dy 1 /. v d , - o c v 6x , 6x 

. y = lnsin3x <31jJl5 JjSM ^:UJt Jl^jl : 4-6 JIjU 

Example 4-6: Find the first derivative of: y = In sin 3x. 

1 d / . v cos 3x . 

y =-— (sin 3x)=3 = 3 cot3x 

sin 3x dx sin 3x 

Logarithmic Differentiation ^^^SjjU^il! J£Li2JI 

<^j^> JvsU ^ aJIjJI cjISj jUx^^J 4LU y = f(x) aJIjJI oils' lil 
k ol ^j^j. J^LtJl kS*s> oU J*Ij*JI JbJip ^jU- jl 

■f (my)^f-(y) 

dx y dx 

~-(y)-y^-(ln y) 30 odfiQt 

dx dx 

aJUU J/^I ik-i-JI iUj.)f JL^UJI ^jUjUI ^ jl>^I : 4-7 Jtl» 

. y = (x 2 + 2) 3 »(l +x 3 ) 4 
Example 4-7: Use logarithmic differentiation to find the first derivative 
given the function y = (x 2 + 2) 3 • (1 + x 3 ) 4 . 

lny=ln(x 2 +2) 3 (l~x 3 ) 4 =3 1n(x 2 +2)+4 1n(l-x 3 ) 

y'=yf[3 1n(x 2 +2)+4 1n(l-x 3 )Mx 2 + 2r(l-x 3 r f 6X 
dx 



:6x(x 2 + 2f(l-x 3 ) 3 (l-4x-3x 3 



U 2 +2 1-x 3 
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Differentiation of Hyperbolic Functions 

Definitions of Hyperbolic Functions 4jJiljJt JtjOll (Jj>»j 

ijuljll JljJI < ^ /I Lo IjlpU x JU^ >s* ^ 
S-e'* 1 e x +e" x ~ 



cosh x ~ 



l^£l sechx= 1 2 



cosh x e +e 



tanh x = sinhx = e^£l csch x = _^_ = _^__^, x *0 

iann x • - -* sinh x e x -e 

Differentiation Formulas 2ubd tiltl 

A( sinh x)-coshx 31 SOfiti 

dx 

A(coshx)=sinhx 32 odfiU 

dx 

— (tanh x )= seen 2 x 33 oUfili 
dx 

— (cothx)=-csch 2 x 34 oJAii 
dx 

— (sech x )=-sech x tanh x 35 oUfiU 
dx 

— (csch x )=-csch x coth x 36 cJ£l2 
dx 

. y = sinh3x aJIJlU & J^jl : 4-8 J& 
Example 4-8: Find & given the function: y = sinh 3x 
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— = cosh 3x — (3x)=3 cosh3x 
dx dx 

y = cothi aiJdJ -g- jbs^I : 4-9 Jlli 
Example 4-9: Find & given the function: y = coth-^- 

■™~ = - csch — ~- (— )= ~V csch — 
dx x dx [x ) x x 

Differentiation of Inverse Hyperbolic Functions 

Definitions of Inverse Hyperbolic Functions 

sinh-'x=:ln(x+7l + x 2 ) j x ^ JS3 C oth- | x = -ln^-, x 2 >l 

2 x-1 

cosh- 1 x=ln(x+Vx 2 -l ), x*l sech- 1 x = ln 1 + J 1 "* 2 , o<x<l 



1 1 + x 

tanh~'x=— In , x 2 < 1 csch" 1 x = ln 

2 1-x 



(1 , Vi+xM 

U |x| 



, x*0 



Differentiation Formulas \\th\AM\ j-uaJf 

— (sinh'x )= . 1 37 oOAtS 

— (cosh"'x)= . 1 t x>l 38 oO£t2 

-^(tanh- 1 x)=-i-,x 2 <l ^cOfilS 
dx i- x 2 
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A( coth -' x ) = _L_, x si 40 5(tel5 

— (sech~ l x)= — * , 0< x< 1 ^ - , ( ~ 

— (csch _1 x)= * , x*0 - 4 



dx 



(sinh ~ 77+7" °' e^ 1 : 4-10 ^ 



Example 4-10: Derive "^' sinh ' x *~ ^7+1? 



s 

. J-si I j sinh y = x lit . y = sinh" 1 x £0 

cosh y — = 1 
dx 

dy^ 1 1 1 

dx cosh y ^l + sinh 2 y ^1 + x 2 

ilijJJ ^ J^ji : 4-11 J&4 



dv 

Example 4-11: Find given the function 



y = cosh" 1 e x 
dy_ 1 d 



(e*)=- 



Solved Problems AJ^bw JjU* • 

. y = tanx 2 aJIjJI UxXo : 4-1 3Hjlx« 

Solves problem 4-1 : Find the first derivative of: y = tan x 2 . 
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Jail 



t 2 2 d / 2 \ ~ 2 2 

y =sec x — (x ;=2x sec x 
dx 



. y = tan 2 x = (tan x) 2 iJljJi Ju^-ji : 4-2 itybu 4tTuu 

Solves problem 4-2 : Find the first derivative of: y = tan 2 x = (tan x) 2 . 

: j*n 

y' = 2 tan x— (tan x)=2 tan x sec 2 x 
dx 

. y = x - sin x cos x 4J \ jJ \ iii^Xa Ss^^ \ \ 4-3 il$ias4 4lL*4 

Solves problem 4-3 : Find the first derivative of; y = x - sin x cos x. 

: J*t! 

dy d , . v 

— £ ~= 1 (sin x cos x ) 

dx dx 

d 



dx 



Isin x cos x =cos x cos x+ (-sin x sin x 



2 . 2 
= cos x-sin x 



dx 



cos 2 x-sin 2 x)=l- cos x + sin x 



d / esc x ) t 



Solves problem 4-4 : Find the derivative of: 



d f esc x ^ 



J*J! 
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dy d / . ] 

— 1 (sm x cos x J 

dx dx 

_d_ 

dx 



sin x cos x )=cos x cos x+ (-sin x )sin x 



2 . 2 

= cos x-sin x 



_d_ 
dx 



esc \\ -esc x cot X CSC X 



1 j - & 2x 3 ' 2 

. y = x 2 3 x ^JIjlU j/i] U^j> : 4-5 ~tijL*A ifL*4 

Solves problem 4-5 : Find the first derivative of: y = x 2 3 x . 

: >it 

y' = x 2 — (3 X )+3 X — (x 2 )=x 2 3* In 3+3 x 2x=x3 x (x In 3 + 2) 



dx 



dx 



. f(x) = sin 2 3x aijJI : 4-6 2tf*l*4 

Solves problem 4-6 : Find the derivative of: f(x) = sin 2 3x . 

. JijjJI iJljJI i£c^ i J*JI 

y = u 2 , u = sin v, v = 3x 

Oil 

— (sin 2 3x )=-^~ (u 2 )-^- (sin v )-^~ (3x ) 
dx dx dx dx 

= (2u)(cos v)(3) 

= 6u cos v 
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— (sin 2 3x )=6 sin v cos v 
dx 



U J 



= 6 sin 3x cos 3x 

^IjJI 4ix^» J*r/\ : 4-7 il^Ua ilUi 

,f5x 



Solves problem 4-7 : Find the derivative of: y= sin 



5x 

U = T 

du^ 
dx 6 



y - sin* 1 u 



dy _ dy du 
dx du dx 











(ft 


(Hs*)] 



,^36-25x 2 y 
5 



,736-25x 2 > 



. y = sec" 1 6x aMjJI 4ix^ J^l : 4-8 itybw 4lLh4 
Solves problem 4-8 : Find the derivative of: y = sec" 1 6x . 



u = 6x 



y = sec" 6x 



dy. 



1 



1 



dx |uUu 2 -l |6xU36 x 2 -l 

1 r 1 



*6 



|6||x|V36 x 2 



|x|V36 x 2 -l 
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IIIIIm 

S^illlS 



. k«>ttf ✓ 
. Aiuu jruiJI Jl£ftl ✓ 

Rolle's Theorem jijj 4J>&> • 

f(a) = f(b) = 0 cJL_S"j a<x<b S^ill J iJLax. iib f(x) cJl5" lil 
L« J)U- jl£<> ^ji '6ij>-y> f'(x) iixJUJI c-olS" lilj 

SJ-^lj i»-JiJ JsMl Jlp f'(x) = 0 oil < Jai iJL^I 

^^JlJ ^LLiij' j3 4j| I -A* « L1i,.i ,).:.* b , a ^jri ' x = x o ■*' ' x 

. Oil b,a JaiJI JS" -Uf- (j^Uji x = b < x = a -Lie- x jy>*J> J-vaxa 
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5-1 



llffll^^ 

iSj^. xS^\ til <G| Jj^ LU^ IIa^ . (5-2 jSLi ^1) 




5-2 JS& 
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. (5-1 >i) . x J3 **i 

f(x) = x ? - 12x 4JIJJJ jJjj i^Lj ^ i^jyuJI Xq 4*J» Jj^jI : 5-1 

. 0<x< 2^3 o^xaJI 
Example 5-1: Find the value of Xq prescribed in Rolie's theorem for f(x) 
= x - 1 2x on the interval 0 < x < 

. ^jyUi J x 0 =2 ill * x = ±2 Jup f'(x) = 3x 2 - 12x = 0 

The Law of the Mean k^>UI <j$il2 • 

^'i*yry> f'(x) a< x £ b S^xdl ^ <JUa^> 21 b ^ f(x) cJlS* lil 

0 1 ^>^ t b j a ^ x = Xq i>lj 
b- a 

U-a P 2 j P, oils' lit LL-ajla . iL-^uJt 4 

p 2 j p, girj ^ ^ ^ ^! p 2 

Ja>\) P 2 J Pj 4J.L^-JI -Lib Ja^JI J-^o ^jLu { Jj>^\ J^o UdlPj 

. (5-3 





v ^ 












/ j/w I 

/ I 1 

1 t 


!/(«\ 

1 X 


0 


a 


6 



5-3 
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. b - a l-J j^i? 

f(b) = f(a) + (b - a) f '(x 0 ) b < a ^ x 0 ^ ^iuJ (5-1) 

f(b) = f(a) + (x - a) f '(x 0 ) x < a ^ x 0 pji (5-2) 

. a/ 65 ^.yuJ Ja^j^JI UylS j»Ju>c^l ! 5-2 JIjU 
Example 5-2: Use the law of the mean to approximate ^65~ . 
J*- J-^i . (5-1) ibUJI b = 65 < a = 64 , f(x) = ^x~ £o 

f(65)=f(64)+-^Z^L ( 64<x o <65 

6x 5/6 
o 

. ^yiJL; jil * x 0 = 64 JL>-U . <o^l*uj x 0 oj C^>- 
V65 =V64 + 1/(6 6 V64 F )=2+ 1/ 192=2.00521 

. ioJ^LO ^ £j^*a* 1 ft 4iu^j 4 in o jlaS (^jjb t^Jtf : 5-3 Jl£* 
J-L_xaJI '<L*£ . 4.12 in ^1 o^ias o^LjJ <4>j^J ^ jisj 

Example 5-3: Circular hole with a diameter of 4 in and a depth of 1 ft in a 
metal block is rebored to increase to 4-12 in. Estimate the amount of metal 
removed. 

4J^U^JL (J J*x* 12 in 4jU^j x oj£ cjL^ (jjJI <_J&S1 fV ^>~ 

. Ja^pJI Oj3l5 aL-Ijo f(2.06)-f(2) ^Jj^ . V = f(x) = 12 Ttx 2 

f(2.06) - f(2) = 0.06 f \x o ) = 0.06(24 te x o ) . 2 < x o < 2.06 

. yoyudL jij x 0 = 2 Jii- 

f(2.06) - f(2) = 0.06(24 n)(2) = 2.88 jc in 3 



Generalized Law of the Mean 

f'(x) jJj a<x<b ^JU^ g(x) j f(x) oiLS' lij 

b,a ^ x = x 0 jj&j x J^lj axkJ JS*il ^ -^jj oil . ^.l^i ^ 

f(b)-flaLf'K) 
g(b)-g(a) g'(x 0 ) 

. Jsl^^xJI <JU- oJl* Oj&" g(x) = x a!U>J j 

Extended Law of the Mean JuLUI la*£U jjjLS 

oJlS'j a<x<b o^l ^ ^^^U^ n- 1 j/^l l^^oj f(x) cJl^ bj 
j I C^>cj b,a^x = x 0 JjiLi < x SJl^Ij ^ JaSfl ^ -I^jj 0^! 

f{b ) =f(a ) + i^) (b _ a)+ i^l( b - a f + ... 

+ f!21il( b _ ar+ l!^l( b -ar (5-3) 
(n-l)! n! 

: ^'^^ 5-3 4bt>wJl g+aS x ^^JcuJIj b Jj Juj -U^ 

f(l ) =f (, (x-, )+-^fl (x-a )"+ - 

.^(...r^u-r (5-4) 

(n-l)! n! 
: ^j'^ir 5-4 4bL**Jl g^>' 0 ^JuJL a JjJLj -Up 
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f( x) =f(o) + -m x+ £lo) xV .. 

1! 2! 



+ f'°- 1) (o) xn - 1+ £^0„ 

(n-l)! + H^)T X 

Indeterminate Forms 2Uum j&\ Jl£&l • 

: ciyu. jLi^^U iU«J! f( x ) illjJI ii^j> 

]im , f(x + Ax)-f(x) 

^->o (x+Ax)-x v ' 

(5-6) ihUJ! . ^ fU J b J^j ^ js- ^ 6 j 



lim 3x " 2 



9x+7 

VI j^V dUi j^u ^JS^ ^yJljO^oo-oo.o^co 0 , r) 

Indeterminate Type 0/0; L 'Hospital's Rule 

g(0) * 0 j JjLfe^ UilS Jl^ ^ g (x ) ^ f(x) jJj ^ a 01T ISj 
j>b 0<|x-a| <5 b^uJI ^ ^ x <*J> J£ 
limg(x) = 0 j limf(x) = 0 

x-a g (X) 
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lim mi =lim jmi (ji^^-^ii) 

x-« g(x) x-a g (X) 

: 5-4 Jli» 

x 4 — 81 

0/0 L yi\ & > I^T ^ J™ -^rr= 108 
Example 5-4: lim ^^-=108 is indeterminate of type 0/0. Because 



x->3 



x-3 

— (x 4 -81) 
lim =Um 4x 3 = 108 

— (X-3) -* 

dx 



lim 

x->3 x-3 



lim , lim olLfrJU lim JUt *U» S*!U ^ 



x->a- x— >a+ 



Indeterminate Types <»/oo oo/oo ^]| ,>> Alow ^6 ILrfSN 

1- « lim f(x) = 0 , limg(x) = 0» 

x— >a x_)a 

« lim f(x) = «« , lim g(x) = «> » 

x-^a *-» a 

2 - « a=-« ( -oo 3 \ oo» pj- « ^ a * 

. « |x| >M» J> ,x i\f ojJ6 f$ « 0 | x - a | < 5 » j 
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X 2 oo 

Example 5-5: lim is indeterminate of type — . Applying ['Hospital's 

x-M-«> g x 00 

rule twice gives us 

r x2 r 2x 2 . 

lim — = lim — = lim — = 0 

Indeterminate Types 0 • °o and oo - oo 

. -/oo 3 \ 0/0 J^l ^1 Vjl l$Lj»«* J^j-Jl IJla Jjl^i 

j^jj 0 • oo j-o lim x 2 e _x 

•Xjj oo/oo c. aJ| y lim ^- 

w x-»+«> e 

u x->+« v xsinx ' 
. lim(x 2 lnx) Jl>-jI ! 5-6 Jl£* 



Example 5-6: Evaluate lim (x 2 In x) . 



^ l/x~ 

00/00 £JH-^ J* 



lim (x 2 ln x) = lim -^^==lim 1/x 3 =lim — x 2 ]=0 
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Indeterminate Types 0° , oo° and 1°° 

. 0»°° lim (lny) JiJ . jJjj^I o!a ^ lim y 3] 



lim(sec 2 2x) cot 3x J^ji : 5-7 JUU 

x->0 



Example 5-6: Evaluate lim(sec 2 2x) ( 



2 ^ v \cot 2 3x 



. y = (sec 3 2x) cot23x J*rl . 1°° ^>Jt II* 

- , ^3 In sec2x . . , 

In y=cot3xln sed2x= — . ji\ 

tan z 3x 

i Juu JL^jj* oJLs-Uj 0/0 j^JI ^ lrai lny j 

3 In sec2x r 6 tan 2x tan 2x 

lim : = hm- — -=lim - — — 

x _^ 0 tan 2 3x x _ 0 6 tan 3x sed3x x ^ 0 tan 3x 

SJLpU Oil . 0/0 ^ aj.^1*J1 ^.L^b limsec 2 3x = l jl 

tan 2x 2 sec 2 2x 2 

lim — = lim 



x -40 tan 3x x -+o 3 sec 3x 3 



limy = lim (sec 3 2x) cot 3x = e 2/3 OS J ( limlny-— jj 

x-h.0 x-*0 



Differentials *LiUDI • 

: ^1 lJ>; y = f(x) aJIjJJ 
. dx = Ax ab^IaJIj i^ 2 **^ x >' dx - 1 

dy = f(x)dx 4S^U]Lj ^jmj y ii-^>Vij* ^y^' dy - 2 
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. (5-4 >l) 




S(x+dx, y+dy) - 



dx = &x R 



O 

5-4 jSi 

jJ x 0 j-o ^L^I^JI AiL^JI ^r^" dy iL^UJt * y = f(x) 

U-Lo dy = 2xdx « y = x 2 cJg IS I : 5-8 JIjU 
^^j-j^Ji jf ^j-ilt . Ay = (x + Ax) 2 - x 2 = 2xAx + (Ax) 2 = 2xdx + (dx) 2 
jUJb^> dy j Ay j t • 5-5 J^-i ^ l^**- 0 ^-"-^^l 

. (dx)" o^JcsaII 4j»-L*vxJLj Lck^sia^j 

Example 5-8: When y = x 2 , dy = 2x while Ay = (x + Ax) 2 - x 2 = 2x Ax + (Ax) 2 



- 2x dx + (dx)". A geometric interpretation is given in Figure 5-5, where it 
can be that Ay and dy differ by the small square of area (dx) 2 . 

j dy ~ zdx dx 




ran 



i\ dy = f'(x)dx <-ij.jxJl j»ljL^-L; UoUcjl dy iUiUJl 

d(c)=0 d(cu)=cdu d (uv)=u dv+v du 

fu\ vdu-udv d(sinu)=cosudu d (i nu)= ^L 

U ; v 2 u 

: Uj» JS3 dy Ji^jl : 5-9 Jilt 

Kxample 5-9: Find dy for each of the following: 
( i ) y = x 3 + 4x 2 - 5x + 6 

dy = d(x 3 ) + d(4x 2 ) - d(5x) + d(6) = (3x 2 + 8x - 5)dx 
(u) y = (2x 3 + 5) 3/2 

dy= |(2x 3 + 5) w2 d(2x 3 + 5)=|(2x 3 + 5) I/2 (6x 2 dx)=9x 2 (2x 3 +5 ) i/2 dx 

Approximations by Differentials 2k* UulU uj>uil 

J^Lio ijjAA dy j j$o ( x <(jjlJL<JU L^— J o dx = Ax oils' IS I 

. lim Ay = dy jl ^1 < Ay /~o J^>- 

Ax-»0 

. x = 2.01 ^J) x = 2 ^ ^* x J^rb y = x 2 + x+ i j^- : 5-10 J& 

. Ay = [(2.01) 2 + 2.01 + 1] - (2 2 + 2 + 1) = 0.0501 y> y ^ ^UiJi ^cJt 

dx = 0.01 j x = 2 i>L gi'LJI . y ^ ^.yidl jjJ^ltj 

dy = f'(x)dx = (2x + l)dx = [2(2) + 1] (0.01) = 0.05 

Example 5-10: Take y = x 2 + x + 1 , and let x change from x = 2 to x = 2.01 . 
The actual change in y is Ay = [(2.0 1) 2 + 2.01 + 1] - (2 2 + 2 + 1) = 0.0501. 
The approximate change in y, obtained by taking x = 2 and dx = 0.01, is 

dy = f'(x)dx = (2x + l)dx = [2(2) + 1] (0.01) = 0.05 
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Approximations of Roots of Equations u^Uif wj^23 

J-^lj y = f( x ) = 0 4_1.>1*xJl! r jJL^>JI hjAA x = x, Jj^ri 

CJjJu Xj j^i . ojJw? 0 ^ c-aJu^j y, jjst . f(x 1 ) = y 1 *0 

* Ay ] --y 1 ^fe f(Xj) ^ JjIaJI ^3^. r J! 

/\ f '(x^d x, = -y, aA^L ^^^^ X! ^ 

_ , j _ __h_. f ( x .) 

x^x.+dx.-x, f | Xi p x i r(x j 

x 3 =x 2+ dx 2 =x 2 - p ^ 

. (5-6 J&\) . IJ^aj 




5-6 
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x 2 ol ^ jlJI y> lis 1 ** 0 ^ tJ fl c~J x t j/J U>-Up 

...a ^.yiJi C-ijJl* ^ • x i 0" ^ 

. jA Ju.J^- w-uyij* 01 Ja~*1 0j& ■ 

. 2cosx-x 2 = 0 j3^i\ : 5-11 
Example 5-11: Approximate the roots of 2 cos x - x 2 = 0. 

j-yJU ^ jL^JpUlj. y = x 2 j y = 2cosxoL^Jl 
^jb -r oil Jl^Ij jJ^r ^ r jJ jt Jk-^) -"lily 

2co S l-i sl+ 2(a54^H =1 + 0 025aL02 
2 -2 sin 1-2 2 (0.8415 )+2 



0i 



3 . n2 2cos(l.02)-(l.Q2) 2 _ 1A ^aQ064 
X " L ° 2 "-2sin(l.02)-2(l.02) ^ 3.7442 
= 1.02+0.0017 = 1.0217 

. -1.0217 j 1.0217 jijj^Ji OjSo flSjl ***/^ < Oil 

Curve Sketching uLupail 

Symmetry JjUuJI 

: ^Ji iL*-JU ilj'Ujoo L yL> t ^cJI 0j& 

^1 < y j-o '^JL-j -y til ^^Jetf ^ -idil** 01 ^5 < x - 1 

. ^ jJL>^ f(x) = -y j f(x) = y 01 



• 



f(-x) = f(x) 

. f(-x) = -f(x) Oi ^1 * Jb-lj OJj ljuo -y 

oi ij\ < y , x jJc$ ^ Ujclp ^Jco* ^d^U* oi y = x IdJI _ 4 

. x - f(y) j I Lu^» j» ^jwj y = f(x) 

Intercepts oj^^ktl 4U£J1 

^ y = 0 £^>y. J-*^>^ x ojj^2>o<Ji iLiJI . aJ^UxJI 

. y p-Jl J^J j x = 0 L^-ls- 
Extent jlulrih 

M.Uo^i . ^y^Jl cx^- x p-JL L5 k>u < j^i^lJ JiljixWl 

aJjjaJI ^JLj ^y^J (x 0 ,y Q ) AlaiuJl . y JL^JL L5 L V ^^^^J ^l^ii 
^( Lft-Lo ^yi^^juJl ii^U-o jiLxj" I^jIuIjl^I oils' lil Lr L>tj^ij 

Asymptotes l^bidl 

0 — « ur ^^U ^1^1 ^'IJ^yi /\ ^Vfl ^-?IJ^)M ot 

>-* ur-^U 1 ^j^Jl J*iJly = f(x) ^j^JI JuJl^Lj . il^lo 
Ja-^JI . J_±o lim=±oo ijl^^Ul ijjbJLj ^L^j> t jl ^j$L^j x = a 
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^5l$_s5UI J— ^Ju>JL» ci^-ju. 01 y = b ^JisVl ^jUuJI 

^^^^^JlI ytixJIj uJ^Uii^l iaibj LjjJb ^y^JajJ I Ja-fl-'J 1 . lim f(x) = b 

y 2 (l + x) = x 2 (l - x) ^jIj ^iiU : 5-12 J&a 

Example 5-12: Discuss and sketch the curve y 2 (1 +x) = x 2 (l -x). 

• 5-7 JS^ 




yM + x) = xM - x) 



5-7 

, x 2 (l-x) 
1 + x 

. x j^>6*J iwjJU Jj'U^u ^^a^jlaJI * JjUHI 
Sjj-^a»JI y aLl&j x - I j x = 0^ oj^va>*/JI x ik£ : oj$iA*l\ 4b»H)Jl 

. y = 0 ^ 

L5 JL> t JLj I Jaii Ji^jj *j x - -1 4A-Jii3 jy = 0 < x = 1 l^Jiii : 4ld£lrf1 
1-x jl+x (iilAJ jjSo' 01 Ju^ y 2 i x ol^^Jc^il (j^Sfi pJii 
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31 J* ^1 J*iJJ OS I SjLi^l ^ L^J 0^. 01 ^ 

. -1 < x < 1 diiJJ . -1 < x < 1 Jl O-US x 

7 l+X * 

^1^1 ^jjUJi J»- ^ x = -l llSjkj . x->-l IoJJ-p y-^ - Oil 



— , J v = — p= 



y = - / ~ ^ r — 

Vl+x Vl+x 



dy 



x-2 



dy 



1L 
-x-x 



dx 2 " (l + xTd-xr J dx (inni-x)" 2 
aLlaJI . (-l + V7)/2 jx=l^ 



1 2 ' 2 J 

. y - -x i y - X ijIaiJ i ^ft 

y = iBA L5 ^JI p-jlj : 5-13 JlSU 

Example 5-13: Discuss and sketch the curve y = . 



. 5-8 JSLi J ^-y> { /^^\ 
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y 



5-8 Jii 

. JjUj j^, ^ : JjUSII 

. X>0 ^Ji) eJyw (^^Jl AldCUtfl 

X ^ » x 

. y = 0 Ja^JI Ot 11* J 



dy 21nx-3 dy 1-lnx 

2 " x 3 dx" x 2 



dx 



4Lai)I JLlp (e, 1/e) ^ ^ryJl 4Ja£Jl oil 



dx 2 e 3< ° 
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Oi tfl 21n x = 3 v ^UlI Ja£ iJU* . 4^ L yJiA 4Ja25 L;_Jk^ ^Ij 

' * - 3 3 

0<x<e2 ^^jOJ ^iu ^y^uJI . (e2, l e 2) 

3 

. x<e 2 p^JlU 

Solved Problems Al^bbo JjLm • 

y = 4x 3 -x + 5 aJIjOJ aL^uJI ^Jill j ^ ; 5-1 Jj^bw JUL** 

. [1,4] SyuJI J 
solved problem 5-1 : Verify the mean value theorem for the function 
y = 4x 3 - x + 5 on the interval [1,4]. 

. b = 4 , a = 1 o^l il^j jup aJIjJI 4aJ ^| : J*fl 
f(a) = f(l) = 4(1) 3 -1 + 5 = 4-1+5 = 8 
f(b) = f(4) = 4(4) 3 - 4 + 5 = 256 - 4 + 5 = 257 

(a, b) ^jpiJI SjS J| ^ iJLp ^ ^^Jl ^jji ^ 

r( c )-Iikk f (a) = 257-8 249 
b-a 4-1 3 

. c as^uJi ^uvi aui itt^ ^ . c ii^j 

f'(x)= 12x 2 - 1=83 

. A Jj^AJ IjLAj 

12x 2 =84 
x 2 = 7 

x = ± vT 

; C ^1 li* . (1,7) J^b +77 ol 
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-L^lsll (^r) < f(x) J^JI ( < lt^^ 1 ( 0 ^ 

. ^4) f "(X) 

solved problem 5-2 : In graphing a function, what holds true if (a) the 
ordinate f(x), (b) the slope f (x), and (c) the second derivative f (x) are positive? 

: J*i! 

. JLp^ j^^l J-^o * f'(x) J*J1 IoJ-^p 

. ^Ap^f ^^Jl * '^>-y f"(>0 iiix^uJl Ujop (^>-) 

.SJL* ^11 Jtyb 5-2 J^UJI aLjl J*l : 5-3 4JUi 
solved problem 5-3: Repeat solved problem 5-2, assuming all entities 
described are negative? 

: jail 

. JiL-Sl JjS^ ^JL- f'(x) J-yJl jjSo U)JJLP (^) 

. JjL/^ yOo ( y^ A JI aJL- f"(x) 4JI2JI i&^JI jj& U^llp 

5-2 J^xJi aJLJI Jlp! : 5-4 ilUo 

solved problem 5-4: Repeat solved problem 5-2, assuming all entities 
described change sign? 

: Jail 

. X jy^A £0 fj\ ^J^i f(x) ^5*"^ JJ 3 **^ ( ' ) 

AA-ij ^1 f-^jM Jj^o. ^"j^i f'(x) J-yJl jJu, U-UP (<->) 
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. 2uS&l Jljall j*l£i l/ 
. ajtfti Jfjall jiyau l/ 
. 2lu>*N j^b J«l£ll •/ 

. £>^-( uLojjju 1^ 
. 4jJj\ji\ JljJll •/ 

. ai^bM JjU* ✓ 

, x jj_^J Sjsi ^ F'(x) = f(x) L^Hx^ iJb ^ f(x) oJlS" lij 

JaL_S^)l . f(x) iJIJJJ jik* J*l£- jl (j-^ J-*>^" L ^- i ' F M 
Ljjr x 2 - 4 j x 2 « x 2 + 5 dUJJ JUUj ll-^j ^ aJI^ 

jl . f(x) = 2x iJljJJ jJlko 
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A( x 2 )= A( x2+ 5) = A( x 2_4) =2x 

dx dx dx 
fUll JSliJL, l^K iij^^o f(x) = 2x iiljJJ iiikJI o^UlS^JI JT 
JoL^JI c^U- C < F(x) = x 2 + C tr XJl J^,LkJ! iJUJ 

L5 ^i- f(x) aJIjJJ jikJI JolSill OU |f(x)dx yj\ ^ 

. y^J Oil (l«JL*l£y vjJ^JI) <^^JL f(x) aijJI 
J2x dx = x 2 +C 

. x i^JL A^j, Lr -^1 J*l£J! jl dx j! cx^ 

Fundamental Integration Formulas 

25 . J^LiJt, ojU^I ^.j^ ^| U^o . ^U! 



dx 



f— xVa 2 -x 2 +— a 2 arcsin— + C \=Va 2 -? 
U 2 a f 



J"2x dx=x 2 +C 

/— = ln Ixl+C 

X 

J — =ln (-x)+C j£i x < 0 /— =ln x+C JS) x > 0 

X Y 
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1. J— [f(x)]dx=f(x)+C (J^iSSJtj J«£UI uU*J 

dx 

2. j[f(x)+g(x)]dx=Jf(x)dx+Jg(x)dx 

3. Jaf(x)dx=a Jf(x)dx, a= <2uIj tfl 

4. jx m dx=- + C, m*-l 

m+1 

5 . j_*L =in | x | +c 

x 

6. JVdx= +C, a>0, a*l 

In a 

7. Je x dx=e x +C 

8. J sin x dx=-cos x + C 

9. /cos x dx=sin x + C 

10. J tan x dx=ln|sec x|+ C 

11. /cot x dx=ln|sin x|+ C 

12. J sec x dx=In|sec x+tan x|+ C 

13. Jcsc x dx=ln|csc x-cot x|+ C 

14. /sec* x dx=tan x+ C 

15. Jcsc 2 x dx=-cot x+ C 
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16. J sec x tan x dx=sec x+ C 



17. /csc x cot x dx=-csc x+ C 



18. J . ^ X r=arcsin — +C 

19. J^-=-arctan 

a 2 +x 2 a 



a 



20. J 



21. J- 



dx 



1 x „ 

— j — - — arcsec — + C 

xVx 2 -a 2 a a 



dx 



, = — In 
x 2 -a 2 2a 

22. J-^ fin 

a -x" 2a 

dx 



x-a 



x-ha 
a+x 



a-x 



+ C 



+ C 



23. J^J^lnU/xW^+C 



/x 2 +a 2 

24. J-p^^lnlx+V^Vl+C 

25. jVi^dx=lxVa 2 -x 2 +ia 2 arcsin - + C 

2 2 a 

26. J^x 2 +a 2 dx-lxVx 2 +a 2 +^-a 2 ln(x+Vx 2 +a 2 )+C 

2 2 

The Method of Substitution jSjjjuJI 

I Jr-* ^ Jf(u)du=Jf(g(x))g'(x)dx L5 -SUJI J^LiJI iUo.V 

du = g'(x) dx, U = g(x) Jzjy^V, u JbJb-- g(x) 

/f(u)du=/f(g(x))g'(x)dx (6-1) 



JlC g(x) (6-1) iJiUJt j» J-JI V^^JI 3^4 1 -**J • 

. x LwjJb- ^ tr 1 * ' u 

: ji Ji^^; (6-i) xJjV*aJI j^J*^ 

F(x)=Jf(x)dx," 

A F ( x ) = A F (x)— =f(x)g'(u)=f(g(u))g'(u) ji! 
du dx du 

F(x)=Jf(g(u))g'(u)du IjJ 
j Uv « ^.^cJI - u » j iiJJl • ( 6 "0 

. (F(g(x)) 'IS yJ\ 
. J(x + 3) n dx : 6-1 J&> 

Example 6-1: Evaluate J"(x + 3)"dx . 

dx = du ji! u = x + 3 J**J + 3 j< JjI£JI jUo.V 

J (x + 3 ).' dx= Ju n du= J_ u .2 +c = _L( x+3 ) I2 + C 

Quick Integration by Inspection jj>-JI jasiilb J*l£ttt 

Jg'(x)[gU)rdx=-^[g(x)r + C,r^-l (6-2) 

^-{-^-[gU)r)=g'U)[gix)] r 

dx J 
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: o^uiScJi jjs>. : 6-2 jlio 

Example 6-2: Evaluate the following integrals: 
(in xf 

(J) j_!L5_ dx , ((!)) /x ^J dx (j^uJLj^) 

(l)/-^dx-/i.( tax J'dx-l(lnxJ' + C 

(u) /xV^3dx=i-/(2x)(x 2 + 3) ,/2 dx=lf-!— (x 2 + 3F' 2 |+C 
2 2 1 3/2 ; J L 



/"J^| dx = ln lg(x)| + C 



(6-3) 

^(ln|g(x)|) = 4ll 
dx g(x) 

V^l o}Ut£JI jb-jf : 6-3 JIjU 
Example 6-3: Evaluate the following integrals: 



(!) Jcotxdx < (u) / 



x 3 -5 



dx 



(1) /cotxdx=/^^dx=ln|sinx| + C 
sin x 



(u) /-^Ldx=l/-^-dx=i-ln|x 3 -5| + C 

Integration by Parts yj>*l! J^ISol! • 

Oil . x j^ii J^UdJ iLU Jljj v , u Lju* 
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d(uv )=u dv+v du or u dv=d(uv )- v du (6-4) 
/udv=uv-Jvdu (6-5) 
J-oL_£Ji ^ ^ J I Ij^J . dv 6^£j. dx *i^b u Jj'^' ^i^l 

. 4JUIS0 ^^Slco 61 ^ dv *j>JI _ 1 
. jvdu j-o ^1 So** 6jSo Ju^ Jvdu _ 2 

. JxV'dx J^jl : 6-4 

Example 6-4: Find Jx V 2 dx . 

1 2 2 
V = — e x jdv = 2xdx6SJ< dv = e x xdx j u = x 2 Jj^I 

. (6-5) ihUJI j^l • (^iiJ.^cJl -U aLuJ^j) 

f xV 2 dx= - xV 2 - J xe x2 dx=~ x 2 e x2 - - e* 2 + C 
J 2 J 2 2 

(Jxe x dx JujISoJI ^>^^i ^^.jxJl -u (Jj^-I oy> jJajj) 
. jln(x 2 + 2)dx J^r/\ : 6-5 J& 

Example 6-4: Find Jin(x 2 + 2)dx , 

AhUJ! ikJ* . v = x j du = -%— oil dv = dx < u = ln(x 2 + 2) 

x z + 2 

. (6-5) 

J In (x 2 +2 )dx=x In (x 2 +2 )- J^^dx 

x +2 
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^xlnU 2 + 2)-j[2--^]d X 



=^x ln(x 2 +2)-2x+2V2"arctan-^ + C 

Reduction Formulas (SjinHrtl) ^tnHU £uo)f 

j^Uj. JaLSj ^L^.V ut- 5 ^ 1 J*L&iJ £fr^ ^.l ^^J^* 



I >^a3 1 £^aJijft . 4jL^>- i j5sAJ t ^J^olii* 



dx 1 



a 2 ±xT a 2 



2m- 3 r dx 
- + J- 



(2m-2)(a 2 ±x 2 r 1 2m-2 (a^P 

m*l (6-7) 



f a ±x dx=— — + a ±x J dx, m* 

n 2m+l 2m+l J 2 



(6-8) 



f dx = 1 
(x 2 -a 2 f a 2 



| 2m- 3 j. dx 



(2m-2 HxWr 1 ' 2m-2 J (^-aT"' 

m#l (6-9) 



r / 2 2\m, xlx^-a 2 / 2ma" f/ 2 2'vn-l. 

f x -a /dx= — ; J x-a J dx, m*- 

J 2m+l 2m+l J 



r m ax 1 1 m ax HI f m -l ax i 

Jx e dx- — x e Jx e dx 



(6-10) 
(6-11) 
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/sin-x dx= _ sin--xcosx + m z l Js . nro - ;x dx (6 . 12) 
m m 

, m , cos^'x sin x m-1 r „_ 2 , ^ ia . 

[co^xdx= + /cos" 1 2 xdx (6-13) 

m m 

f sin m x co^x dx= sin m+I x co^^x ^.J^^ CQ ^ X dx 
m+n m+n 

= _ sin-' x coiT'x + mzi Jsin n.-2 x co ^ x dx> m ,_ n (6 . 14) 
m+n m+n 

Jx m sin bx dx=- — cos bx+— Jx^cos bx dx (6-15) 
b b 

fx m cos bx dx=— sin bx-— Jx m - l sin bx dx ( 6 ~ 16 ) 
J b b 



J(9 + x 2 ) 3 ' 2 dx ( v ) , J—L ( t ) Jsr/\ : 6-6 Jfc 

( i + x ) 

Example 6-6: Find (a) J dx 2 5/2 and (b) J" (9+ x 2 ) 3/2 dx 
(1 + x ) 



, dx x _2_ , dx 



(1+xT 2 3(l + xT 2 3 J (l + x 2 ) 3 ' 2 

_ x 2 x „ 

~3(l + x 2 F ,2+ I (l + x 2 )" 2 + 



j(9+x 2 r /2 dx=-!-x(9 + x 2 r+— j(9+x 2 )" 2 dx 
4 4 

= l x ( 9+x 2 ) 3/ ^^[x(9+x 2 ) l ^9 1n(x+^9T7)]+C 
4 4 
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Trigonometric Integrals 2Lui^f J^I£J ♦ 



1. sin 2 x+cos 2 x=l 

2. l + tan 2 x=sec 2 x 

3. l+cot 2 x=csc 2 x 

4. sin 2 x = Y(l-cos 2x) 

5. cos 2 x=— (l+cos 2x) 

2 

6. sin x cos x = ~sin 2x 

2 

7. sin x cos y=y [sin (x-y )+sin (x + y )] 

8. sin x sin y=-i[cos (x-y )- C os (x+y )] 



9. cos x cos y^jtcosfx-yj+cosfx + y)] 

10. 1-cos x=2sin 2 -x 

2 

11. 1 + cos x = 2 cos 2 — x 



12. l±sin x=i±cos|— n-x 
U 



n d\ jJ u = cosx , ^ iiPmjl /sin m xcos n x dx J*L£dJ _ 1 

. u = sin x j jJlp 
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u = tanx J,y6 < ^J>j ^ n jt J : f tan m x sec n x dx J^&dJ _ 2 
. u = secx <ji>j^ * tiV m 01 

fsin 2 xdx >l£Ji J^jl : 6-7 J& 
Example 6-7: Evaluate the integral jsin 2 x dx . 

f sin 2 x dx= J ( 1 - co s 2x ) dx= x - -~ s in 2x + C 

Trigonometric Substitutions lulil) JljOfl joJ^2 • 

. x^asinz ^byt < Va 2 -x 2 ^LUISoJI ^ - 1 

. x = atan z ^i?^ * Va^+x 2 ^ iAolSoJI ^j^' ^ - 2 
. x = asecz^ < Vx^-a 2 ^ ^lolScJI ^j^' ^ - 3 

Vb 2 x 2 -a 2 Va 2 + b 2 x 2 < Va 2 -b 2 x 2 

J^Uo <d^y (p^O ^ >^ ' O^ 3 

















a . 
jc = t sin z 

0 


flV 1 - sin 2 z = a cos z 


Va 2 + fcV 


a 

x - r tan z 
P 


+ tan 2 z = a sec z 


VfcV - a 2 


x = r sec z 

0 


flVsec 2 z - 1 = a tan z 



6-1 Jjd* 
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Example 6-8: Find J- 



dx 



x 2 V4+x 2 



x 2 V4+x 2 

6-1 JSLi ^ U^J z , x jV * x = 2 tan z J*^l 

Oil 

j dx _ j. 2 sec'z dz 1 j. sec_z ^ 

x 2 ^4+x 2 (4 tan 2 z )(2 sec z) 4 tan 2 z 

1 .„ 



1 r . _ 2 t 1 
= — J sin z cos z dz= — — +c = -- +C 



4 sin z 



4x 




6-1 JS& 

2ui>M >tSoll • 

Integration by Partial Fractions 

JSLsJI j^ylp u^Sj x ^Jc^JLi ijj^i oiJi*a* iJb 
a o x n + ajX"- 1 + • • • + a n , ]X + a n , 
ijXjJI os^joa A^-ji ^y^y n « a^O « c-jIj? a jl 
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^Jlp ^rfy >L^>^ ax + b JSLiJi Js> \^ J^l^ 

jj> ^\ jl 1 oli ^jJl>JI o^Jdc^o) ax 2 + bx + c JSLiJI 

iLJt-waJt . (jst i^j^ olS ^-b- o±A*CJ) ^Jt l$£fl ^SUj. 131 Oj^a^o 

olft ^i) b 2 -4ac<0 Jaia ^Jj S J -,a^o ^^JJI ax 2 + bx + c a^oj^ 
. (iJLii^ ax 2 + bx + c = 0 ^jJ^JI SiJucu jji^r aJUJI 



(-1) 2 - 4(1)(1) = -3 < 0 < oj^^ j*± x 2 - x + 1 ( ! ) : 6-9 Jdo 
(-1) 2 - 4(1)(-1) = 5 > 0 , *j«s£&ca jJ> x 2 - x - 1 ( L-» ) 

Example 6-9: (a) x 2 - x + 1 is irreducible, since (-1) 2 - 4(1)(1 ) = -3 < 0. 

(b) x 2 - x - 1 is not irreducible, since (-1) 2 - 4(1)(-1) - 5 > 0. 

x -x-l= x 



2 A 2 

^Jl^JI ^Juc^ g(x) j> f(x) ^ , F(x) = f(x)/g(x) aijJl 
L5 *-J g(x) J51 f(x) 01 . (^3^1 r^l^ ^IjJI 

^-^31 . 'as^>^> jJ> iJb F(x) ^y^* j^Ij • iJb F(x) 



= x-- 



x 2 +l x 2 +l 
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. (ax 2 + bx + c)" j (ax + b)" JS^i J* l^U, (jj^ ^) J^f ^ 

gAli Ja> J^Ijw : I ifU 

(^i>JI ^~S3I 4k^ ^ dJ^-Ij 0^ oa^, ax + b L5 L^ J^Uo J£] 

: X-y^l o^UJi J^o 4^*s j$L^ ojb- A 0^ 



Example 6-10: Find J 



J" dX 

dx 



1 A : 6 * 10 ^ 



x z -4 

V^Jj (x-2)(x + 2) J I j»UJI JJL^ 



A t _ B 



x 2 -4 x-2 ' x + 2 

l = A(x + 2) + B(x-2) ( 6 - 17 ) 
1 = (A + B)x + (2A - 2B) j 1 

(6-18) ibU* ^Vl ^ l^J ^1 x o^U sl^L^ ; Ujjfefl 
2A - 2B = 1 j A + B = 0 
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B = 4 > A = 



4 J 4 

-2 j x = 2 ^L> (6-17) ^-k \ SjjuaSII teiJalS 

jij < 1 = -4B j 1 =4 A Jlp Jj^Jl] 



x 2 -4 x-2 x+2 



f dx _ 1 , dx 1 , dx 
x 2 -4~4 J x~2 4 x+2 



= -ln|x-2|--ln|x+2|+C 
4 4 



=l, n 

4 



x-2 



x+2 



+ C 



S^Slt 2ub*N Jjtjait : II ill^ 

j— ...f j»Uu otj-^Jl n :>J — p OJL>o ax + b j^L^ J-oU-« JS3 
. JSLiJl ^jic- ^LSj>JI j^^3l j^o n ^jAxa A\jjt j^SL ^y^r 



ax+b (ax+b) 2 (ax+bf 



' 3x+5 ^ dx j^ji : 6-n Jili 



x -x -x + 1 



Example 6-11: Find J— 1: 



(3x+5)dx 



-x+1 
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x 3 -x 2 -x + 1 = (x + l)(x - l) 2 



3x+5 



ABC 

-+ + - 



x 3 -x 2 -x+l x+1 x-1 (x-l) 2 



3x + 5 = A(x- \ y + B(x+ l)(x- 1) + C(x + 1) 
C = 4 j 8 = 2c < x = 1 J_^-V . A = y j2 = 4x ( x = -l J-^Sl 

X = 0 Mia * X j^Cu<JS ij 4a-J j»Ju>t^J Oji^iJ! 4wjLw>J 

Oil. B = -~i- j 5 = A-B + C*x = 0 J>^ 



3x+5 



, 1 r dx 1 , dx . , dx 
-dx=— J J +4J- 



x-x-x+1 2 x+1 2 x-l 



x-l 



= — ln|x+l|- — ln|x-l| — + C 

2 2 ' x-l 



4 1 , 
- + — In 



x-l 2 



x+1 



+ C 



x-l 

£Li*\$ (jJLUjJ J*Lu : III 211*- 

j»liu ^ o jja ax 2 + bx + c j^vao^o ^i- ^j*^* J- 0 ^-*- 0 

. JSLiJI Lf ip ^J^r iJL_& * ^yyr 

Ax + B 
ax 2 + bx + c 

J x 3 -fx 2 +x+2 dx j . 6 _ 12 

J x 4 +3x 2 +2 W 

Example 6-12: Find J X +x2 + x + 2 dx 

x 4 +3x 2 +2 



- 110 - 



x 4 + 3x 2 + 2 = (x 2 + l)(x 2 + 2) 

x 3 +x 2 +x+2 Ax+B | Cx+D 
x 4 +3x 2 +2 " x 2 +l x 2 + 2 

x 3 + x 2 + x + 2 = (Ax + B)(x 2 + 2) + (Cx + D)(x 2 + 1) 

= (A + C)x 3 + (B + D)x 2 + (2A + C)x + (2B + D) 

J^JLj . 2B + D = 2 < 2A + C=1 «B + D=1 < A + C = 1 dilJJ 

.dUJJ . D = 0 c C = 1 . B - 1 , A = 0 Jlc iL 



r a ~r a TATi, dx X dx 1 / 2 \ 

J — 4 ; dx= J~ — -+ f — = arctan x + — - In x +2 )+C 

J x 4 +3x 2 +2 J x 2 +i J x 2 +2 2 1 7 



j^S* (jjlujj J^ldu : IV ill*- 

j»Ulo ^ oy> n OJL>o t ax 2 + bx + c j**az><j> ^ycuy J^Ujs JS3 
A,x+B L ; y+B 2 | | Ax+B n 



ax 2 +bx+c (ax 2 +bx+c) 2 (ax 2 +bx + c) n 

. I^jL-j- ij^^i, Co 1 ^y*> B , A j j cu-^- 
f x 5 -x 4 +4x 3 -4x 2 +8x-4 J f „ A 

1 U^F dx 

Example 6-13: Find f x 5 -x 4 +4x 3 -4x^8x-4 
J (x 2 + 2) 3 



" Ill ~ 



x 5 -x 4 +4x J -4x 2 +8x-4 Ax+B Cx+D Ex+F 



(x 2 +2) 3 x 2 +2 ( x 2 +2) 2 (x 2 +2) 3 



O^ 



x 5 -x 4 +4x 3 -4x 2 +8x-4- (Ax+B )(x 2 +2 f + (Cx+D)(x 2 +2 )+Ex+F 
= Ax 5 +Bx 4 + (4A+C )x 3 + (4B+D )x 2 

+ (4A+2C+E)x+ (4B+2D+F ) 
dUjJ.F = 0<E=4,D = 0<C = 0 f B = -l f A = I gaio^J j 

Oj& Ja^Ji 

J-^dx+4j— 5— dx= 

x 2 + 2 J (x 2 +2) 3 

-In (x 2 +2)-^arctan-^ l — + C 

2 2 ^ ( x2+ 2) 2 

Miscellaneous Substitutions uUajyu • 

: jsiiJi ijj^ ab ^ iiois^Ji cjir isi 

• UolSoJi jlSlo l$*^uj ax + b = z n ^y>yd oil * ",/ax+b - 1 

0L£o q + px + x 2 = (z- x) 2 u 2>y6 oil « 7q+px+x 2 - 2 

O^y 6 Oil * Vq+px-x 2 =V(cx + x)(p-x) - 3 
q + px - x 2 = ((3 - x 2 )z 2 j I q + px - x 2 = (a + x 2 )z 2 
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J- 



dx 



j^i : 6-14 Jd* 



dx 



\4 i-x 

Example 6-14: Find J / 

. dx = -2z dz * x = 1 - z 2 jil . 1 - x = z 2 go 
-2z dz . , dz 



= ~2J- 



d-z 2 )z i-z 2 



=-ln 



1 + z 



1-z 



+ C = ln 



l-Vi-x 



1+Jl-x 



+c 



cos 



Other Substitutions uUaJjau • 

x j sin x Alb J^o J** x = 2 arctan z ^^eJI 



2z 1-z 2 J 2dz 

sinx = 7 ; cos x = -^—37 ; d\ = -^-j 



1 + z* 



1+z* 



J^Li^ ^jJUJij * (6-2) JSLi y> UW ^Uj) Jjt 

j>jukzJ ( J^lSoJI J^u . x = 2arctonz 

jJc^i\ z = tan^-x 
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^1 JolSiJI : 6-15 Jlli 

Example 6-15: Evaluate the following integral 

2 dz 

dz 



J" 



dx 



l + z 2 



1 + sinx-cosx J «. 2z 1-z 2 
1+ 

l+z 2 i+z 2 

= ln|z|-ln|l + z|+C = ln 



z l + z) 



l + z 



+ C = ln 



tan— x 
2 



1 + tan — x 
2 



+ C 



Integration of Hyperbolic Functions 

Jsinh x dx=cosh x+C 
J cosh x dx=sinh x+C 
Jtanh x dx-ln cosh x+C 
Jcoth x dx=in [sinh x|+C 

/seen 2 x dx=tanh x+C 
/csch 2 x dx=-coth x+C 
/seen x tanh xdx=~sech x+C 

Jcsch x coth x dx=-csch x + C 



Vx 2 +a 2 



•=sinh~ — + C 
a 



- 114 - 



f * = cosh ' — + C, x>a>0 
Jx 2 -a 2 a 

J^—^ltanh-^+C, x 2 < a 2 
a -x a a 

J^-- = --cotrf '- + C, x 2 > a 2 
x 2 -a 2 a a 

io'^l o^LS^Ji J^rjl : 6-16 Jd» 
Example 6-16: Evaluate the following integral 

fsinh— x dx and f seen 2 (2x- 1 )dx 
J 2 

fsinh —x dx=2 fsinh ~x df— x ]=2 cosh-^-x + C 
J 2 2 u J 2 

I sectf (2x~ 1 )dx=- J secrf (2x~ 1 )d(2x- 1 )=~tanh(2x- 1 )+C 
2 2 

Applications of Indefinite Integrals 

jljlp m J-jwaJI ^ < <ojLu) (^^aJ y = f(x) aJj>UxJI 0^&' 

J-oo jj_So ^^iUiL^ . m = f'(x) lOiU-JL) P(x, y) A-Lii ^1 

'SLtJO i m - — = f ( x ) AS U Ja*t4 4Jlp P(x, y) 4kflj JlJ-P -^>UxJ 1 

^ dx 

. Jj>IScJ1 ^^I? y = f(X) + C oL^J^Ji apj>o^x) iU^J 



- 115 - 



<ji -Lup LfLo ^yjl oL^juJI 'A^yoj^i aJjUuJI j^jI ; 6-17 Jl3U 

4— pj^j^I oIa ^^uJl ihbw Jl>-jI . m = 3x 2 y j> P(x, y) 

. (0, 8) iLfcJL ^ ^1 

Example 6-17: Find the equation of the family of curves whose slope at 
any point P(x, y) is m = 3x 2 y. Find the equation of the curve of the family 
which passes through the point (0, 8) 

lny = x 3 + C = x 3 + lnCo3l , ^ = 3x 2 dx LbjJ < m = ^ = 3x 2 y ^ 

y dx J 

^ i^LLJI ihUJI . 8 = ce° = c jil y = 8 j x = 0 JL^ y =ce* 3 j 
• Cl>^L^ c^^J ^^JLkJ! J^IS^JI ^IjL^-t ll^ i ^^S^ . y =8e x3 

^ Cr° 1 u^ 11 ^ s jt , s = f(t) ^bUJI 

: ^ t j^Jt ^ 4L«j|j 

f J5 25 iJla^i t^A^- ^ e/ c^r j^Jj : 6-18 Jlla 

. 6 ft/sec 2 Jo_*xo ip^JI cJi JlS^^U . (ft/sec) ajL* JS3 

Example 6-18: A ball is rolled over a level lawn with initial velocity 25 
feet per second (ft/sec). Due to friction velocity decreases at the rate of 6 
ft/sec 2 . How far with the ball roll? 

j C, = 25 oil . V = 25 , t = 0 JUL* V = -6t + C SijS ^ = -6 

dt 

. V = -6t + 25 
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. S = -3t 2 + 25t + C 2 gxju J*t£JL , v = ^--6t + 25 ^ 
. S = -3t 2 + 25t j C 2 =0 ,5 = 0*1 = 0 

• a 5 ^' ^' ^ sec 3xJ c^ry^s> OSj t = -y * v = 0 

s== -3^) 2 + 25f^)=-^ + ^^f t 
16 j [6 ) 12 6 12 

Solved Problems AJ^bw JiL* ♦ 

jiLJi j*L£Ji j^ji : 6-i 2u>bu iju* 

solved problem 6-1: Evaluate the indefinite integral 

: jail 

dx x^" - 

Hp=/x 3 dx=— +C=3x'+C 

Vx 2 J. 

3 

5^Ji>oJI o}Ul£dl .Xs-ji : 6-2 i)>bw ilU« 
solved problem 6-2: Evaluate the indefinite integrals 
( I ) /tan x dx ( u ) /tan 2x dx 



Jail 



(i)/tanxdx = /^ dx= _ ; ZliILA dx 

COS X cos X 

= -ln|cos x|+C = ln|sec x|+C 
( V ) J tan 2x dx= i- / ( tan 2x ) ( 2 dx )= i- In | sec 2x | + C 
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JolSoJ! JL^jf : 6-3 AljbtA 2UU« 
solved problem 6-3: Evaluate the integral 

Jsin 2 0cosedG 

du = cosOdG j| u = sin6 

Jsin 2 0cosede=Ju 2 du 

3 

= ^ + C 
3 

J^lSoJI : 6-4 il^w AIUm 

solved problem 6-4: Evaluate the integral 

J(l + x 3 )V dx 

u=i +x 3 ^ya, \xs %\ : 



-y- = x 2 dx ji du=3x 2 dx 



du 



oil 



j(l + x 3 )V dx=J u 5 

3 



3 J 



+C 

3 6 



18 
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JolS^Ji Jc^l : 6-5 il^bw UUa 
solved problem 6-5: Evaluate the integral 

Jxln x dx 

u^lnx ^.ycJL lJuJ : J*Jt 



^/i \ dx 
d(ln x) = — 
x 



oil 



J x In x dx = j (In x)(x dx) 
^co ^j^Jl JjoISccIIjj . dv = x dx j u = In x ^> 
Jx In x dx=J (In x)(x dx) 



^|dx 



x In x xdx 



x In x + c 



2 4 

J*l£dl J^rjl : 6-6 3dji*tf ItUt 

solved problem 6-6: Evaluate the integral 

J xV dx 

u = x 2 du = 2x dx 
dv = e x dx v = e x 



/ x 2 e x dx= x 2 e x - \ e x 2x dx- xV - 2 / xe x dx 
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J^lS^Ji j»lj^L J^, lUJ[xe x dx JolS^Ji 



\ xe x dx = xe x - e x 



Jx 2 e x dx=x 2 e x -2[xe x -e x ]+C 



= x 2 e x -2xe x +2e x +C 



^UJJ 



J«t£J! -i=rjl : 6-7 3UjU4 4lu* 



solved problem 6-7: Evaluate the integral 



5 v 2 



J 



xN-1 



dx 



du = 2dx 



i 2x-3 
u = 2x - 3 



dx=4^ 
2 



u + 3 



r x 2 + 1 J 

J dx- [■ 

2x-3 J 



(u+3) 



+ 1 



du 



= J 



u'+6u+13 
8u 



du 



ii+l + iik 
8 4 8u " 



= 1? V + T In|u|+c 
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iiJmJI i»-S ^yU- Jj*<ai«dJ JJ-L?- J}U- 



2L±i 
2x-3 



dx= 



(2x-3f 3 



+-(2x-3)+— ln|2x-3|+C 
4 8 



16 



t 21 13, . - 
— + — + — i n 7+c 

16 4 8 



13 

= 9+— In 7 
8 



(-If 



16 



■2+ilin i + c 
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Integration, Improper Integrals 

. jUjIj t$«x* %/ 
. J^lSaJU fafam<i ub-U* l/* 

Riemann Sums jUjIj • 

n ^1 ^ . iJUa^ f(x) clLxJl iJljJl l^iS^a<x<b jo 

. . ^ 2 < ^ JaJfcJI j< (n- 1) £s^h n h 2 ,h, yl\ y> 

j ^ 0 UuLJL a J^yj a < ^ < 4 2 < . . . ^ n < b J J c> ^ . . . 

A,X =4,-^0 * H l ^> J1 ^ ^ J! ^ ' b 

IJuh) A n x - £ n - i-^U h n * .... * A 2 x= ^ - ^ >o;U 2 

Xj) jL-^-l o^i ^ . (iiLJI oljL~xJl \ J^i^ 
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OjS f-J (h n x n h 2 ^jJp x 2 < hj i-^ilt s^ill ^ 

S„=Sf(x k )A k x=f(x,)A I x + f(x 2 )A 2 x + - + f(x„)A„x (y-j) 

JJLP 4j|jJI ^LpyiJI o^ciJI J j-U S^j - ^ J^^*" 

Qj±-> ibjj. 4-P>JI Ol^l iAP JO J^l . (7-l) AhU*JI ^ 
U-^ ^ J*J 0>5I Jb-I) . \ ->0 Jvai' jf J| jjj^ 

lim S n = lim Ef(x n )A n x 

ji a < x<b oljsiH ,v^- ^ J>>JI JS3 JjJly ll^y, jj& 
i^p>J! ol^ill ^ x k J*JidJ oljL^I JS3jJl n -»o J I 

— 1 1^ 1 I I f-^-i 

7-1 JS3 

The Definite Integral >Uolj ♦ 

: Jio [a, b] ii^t J}U- ^y^o C^' 4^L^> iL-ioJI ii^uJi 
Jf(x)dx=lim S n =lim £f(x k )A k x 

a n-»+<» n-*+« k = l 

Cf x J! V^'h f W ajJU^JI J*l£JL uiyo Jf(x)dx yj\ 

ur-^ ^W*—^. b * a < 4_lot£J1 ^^jr f(x) 4J|jJ| x = b ^Jl x = a 
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oJ^Ull dJl-a (J*L&5I jjJl^) JolS^lJ i^Jlj Ui-Ji il^Jlj v^'^ 1 
F(x) = f(x) ot ^1 . J^LSoJtj J^LiJl ^ ^SlxJI iS^Jt ji>^* 

jil * [a,b] oyciil J^U- 

|f(x)dx=F(x)l=F(b)-F(a) 

a a 

Oil < F(x) = cx * CoU' a < f(x) = c JLp- ( 1 ) : 7-1 Jli> 
Example 7-1: (a) Take f(x) = c, a constant, and F(x) = cx; then 

b b 

Jc dx=cxl=c(b-a) 

a a 

jit , F(x) = ±x 2 j f(x) = x (v) 
(b) Take f(x) = x and F(x) = -|x 2 ; then 

fx dx=— x 2 l=— — 0=— 
I 2 o 2 2 

juS-Ji- tfj-^-^l O^IUJI . a<b Jup jf(x)dx=0 Uiy> JtfJ 
Jf(x)dx=0 

a 

Jf(x)dx=-Jf(x)dxjbj a<b 

b a 

Properties of Definite Integrals djdatl JrflSalt 

jil a<x<b JolSoJi Sji jmUo j^zJb g(x) j f(x) eJl^ 131 

: 7-1 

b b 

Jcf(x)dx=c/f(x)dx, ccoU-^'i/ 

a a 
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: 7-2 

/[f(x)±g(x)]dx=}f(x)dx±/g(x)dx 
a a a 

: 7-3 2uw£ 

b c b 

Jf(x)dx=Jf(x)dx+Jf(x)dx, for a< c< b 

a a c 

ff(x)dx=(b-a)f(x o ) 

a 

oLpj [a,b] b^l J}U~ iUx* ^IjJ iJa^^l lU-JiJi V L^>J ii^LT 

7uT=-l-/f(x) dx 
b-a a 

: 7-5 2L*aL> 

~-F(u)=f(u) -GU * F(u)=Jf(x)dx ulT til 

a 

The Theorem of Bliss jjb Ajjaj 

OA-i jJj , a<x<b 5>uil J j~L^> g(x) j f(x) ojIT lit 

lt» 0Uka; >b Ji~ ol^s J \ b>J! 

Oij . (k plj i^l ^ X k j x k ji ^i) 

Zf(x k )g(X k )A k x=Jf(x)g(x)dx 
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£k=l + 2+--- + n= 



n n+1, 



i^l^ + -^ nln+1 l (2n+1 



£k 3 =l 3 +2 3 +--- + n 3 = 

k = t 



n n+1 



Plane Areas by Integration Jatfutfb 4*U<*4 ul^Uo • 

Area as the Limit of a Sum jJm i^WI 

iL^U^M ijadt * a<x<b S^l ^ f W ^ 

Ol^j £>~r«* ^.y^ LjJ £*-u J^lS^b J^^i l^L^>J 

. ijjL^JI J^liJI 4ix^l^J ijJj>^0 

Jf(x)dx= lim Ef(x k )A k x 

a n-»+°° k = 1 

oly^i ^JJ p a a < x < b iyJA\ go . j^>' l-J^J 

7-2 y ^ 
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7-2 JS£ 

S^JI Ji^UJI ^ L^j ( J f(x )dx ^ ^ 

■ x = b J\ x = a( y Lf ^uJlc^-^UJ| llj^-^r} 
J-l&H . c<y<bo^iJ!^ i JL.^iU i4X = g(y) Juil 

< X = g(y) ( _ J ^ iA Jl fcj^J| i^L*JI uAyu 3* Jg(y)dy i,Jb«JI 

a 

• y = d j y = c ^i^ji j^ij y ^ 
|f(x)dx oil « a<x< b s> u)i ^ ^ ^ ^ y = f(x) ^ (ij 

■ y jj« jL ^ jt\ ^L^JI J | ^jl. 

Jg(y)dy Oil . C<y<d yiVfj.^a^ x = g(y) clT li) 
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. y jy^A jL-o ^yip ^yJl 4>-L«aJI ^ \ i^Jl— 

x = g(y) jJ j I a < x < b SywJt ^ l^jLi) j**> y = f(x) c^tf bj 
L5 _^uJl c^_>cj ^1 is-lwJI jit * c<y<d ^ L^jLiJ ^* 

Areas by Integration J^lSolU ub-U4l 

O-L~0 (jJJI i^JL>wJI J»l&Jl j^' ^ ol^JaiJI 

j 1 Ax Jji> ob <^yiJI ol ^^-aJ 1 |%j * O }LL^~o ^ J l^yj 
. aL^^a JaiiST <^ji3t ol^iJl ^^Ip (y k ) jl x k £0 (Ay) 

Areas Between Curves uLi*ill jru ub'MI 

o^iJJ 0 < g(x) <f(x) jl £~j>- jUUaX* jUb g(x) j f(x) ji 
y = j—jo ojj^ai^JI R aJoLiaM A iU-L~Jl jil . a < x < b 

: olk^ (7-3 JSJi ^1) x = b j x = a ^ y = g(x) j f(x) 

A- Jf (x )dx- }g (x )dx= j[f(x )-g (x )]dx 

a a a 

b * 
jj^c-o JjjS iflkl>Jl) Jf(x)dx Jj-o Jj-aJ^ ^5-* A 4^-LmaJ1 jl fj\ 

a 

b 

Ojxj'j x jyx-a JSj-i ^UajLuAJ Jg(x)dx 4^L*aJIj y = f(x) c*j>oj x 

a 

• y = g(x) 
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7-3 JS3 

. y 2 = x 2 -x 4 J^b ^L^JI Jb-j| ; 7-2 JtjU 

Example 7-2; Find the area enclosed by the curve y 2 = x 2 - x 4 . 
j>Sj- i^Ji ^L^JI SIX . jjUJI J J i_JL JyL^ L ^Jt 




: ^ aj^LLJ 1 4> t ^ u J I dU jj xVl-x 2 Ax 





7-4 J&i 



- 130 - 



Improper Integrals jruJt) JduUI J^lSoJI • 

b 

I j( ^ J***Jl JolSUl) Jf(x)dx ^jJux^Jl J^lS^i 

a 

'6jlJ&\ 'lA^LA j+-S- JiS\ ji oJL_=>~ij l$_J f(x) iLolSjJI _ 1 

j\ . a<x<b 
j£y J^KJJ (^J^Ji) J^l JiSlI JLp - 2 

Discontinuous Integrand (?lm?iU0 iiwuU j£i\ 4Ul5oll 

x = b -Up iJUa^o j£> ^$3 a<x<b oyuill ^9 iL^xo ilta f(x) OjIS^ lil 

b b-e 

S^^jJI oLI^jJI L5 k>u. Jf(x)dx= lim + J f(x)dx . u> y6 
. ( lim Jf(x)dx ^ ) 

x~'d Ajlp aJl^lo j£3 j a < x < b o ^^xiJ I ^ 4_La^o f(x) 

b b 

lift .J boUoj -iUj lUJ t5 Jlj Jf(x)dx= lim / f(x)dx ^ ^ 

. lim Jf(x)dx JSLiJt 

a-»a a 

x = c Jclp (JlpLo a<x<b byJl ^ x ^ JS3 *6 f(x) Oili' lit 

ciyu a < c < b 

Jf(x)dx=lim \ f(x)dx+lim J f(x)dx 

a e->0 + a e->0 + c+e' 
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• \^ y ol ^ : 7-3 

Example 7-3: Show that is meaningless, 

o 2-x 

. x = 2 .ue. aJL^ iUlS^JI 

limJ-^-Hmfln-i-r^iunLl-tal) 

e-*o+o 2-x 2-x J o c^o + l E 2 J 

Infinite Limits of Integration <>lSuiU SajJism ^iJ| uW*ill 

< a<x<U!^| JT^ f(x) cJlT !il 

. S^-j* Ja-u- Jf(x)dx=limjf(x)dx 

a U-M-« a 

, u <x <b d>ji ^ <ju^ f( X ) cjit isi 

h b 
. d^jxi 0LI4S ^ J f(x)dx=lim/f(x)dx 

f( X ) cjIT til 

+- U a 

/ f(x)dx=limjf(x)dx+lim/f(x)dx 

a u 

U-++00 u^-» 

l-~ : 7-4 JH# 

0 x 2 +4 w 

Example 7-4. Find 7 dx 
0 x 2 +4 
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o x 2 +4 



lim 



1 f 1 

— arctan— x 

2 2 



dx _ K 
x 2 +4~ 4 



0*3 



Solves Problems Ai^bw JjU* ♦ 

. <£kuJt 4^L^> J^-jl . x = 3 JaiJIj y = --1-x 

solved problem 7-1: Given the region bounded by the curve y = x 2 , and 
the line y = --±-x , and the line x = 3, find the area of the region. 

J[f(x)-g(x)]dx = ^UJI 



iakJI oIa dU jJ . g(x)--ix j f(x) = x 2 L>J I 0 i-ft ^ UjLo 



0 



2 f 1 

x - 1 x 

2 



dx 



x 3 x 2 
— + — 

3 4 





[ 33 1 32 




[o 3 + o 2 ] 












3 4 , 




3 4 



= 27 _9 
3 + 4 

= 135 
12 

= 11.25 
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Mathematical Functions 



Polynomial Functions 4jJm1I sM*jj> JtjJ 

to (a » X) = na ° X 



— (a„u') = nay-'[^] 

Trigonometric Functions JljJ 

■^(81110) = COS Ul-^] 



— (cosu) = - sinuf^] 



d 2 r ^ „ 

— (tanu) = sec u[^] 

d 2 du 

— (cotu)= -csc u[^] 

d du, 

— (sec u) = - sec u tan u [ - j- ] 
dx dx 



d r du 

= - CSC u 
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, - (csc u) = - csc u cot u [-j- ] 
dx v dx 



^(a u ) = a u lna 



Exponential Functions <uJ Jlja 



(e") = e»[^] 



Logarithmic Functions 2u^j(it$J Jljj 



d 1 du 

-t~ (In u) = — — 
dx u dx 



d loge du 
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(ils^Bliil 



Polynomial Functions jjdtfUl SaJxw Jlja 



„p +1 



Ju p du 



P+l 
du 



Ju du - f — =lnu 
u 

Trigonometric Functions ^jjj!^ JljJ 

J sin u du = - cos u 

J cos u du = sin u 

J tan u du = - In cos u 

| cot u du = In sin u 

J sec u du = ln(sec u + tan u) 

{ esc u du = ln(csc u - cot u) 
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Exponential Functions 4^1 Jtjj 

/a u du = -: — , a>0, a* 1 
In a 

Je u du-e 11 

Logarithmic Functions ^U^jujI^I Jtja 

| In x dx = x In x - x 
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INDEX uUlW! iuilS 



Angle of intersection 


t i •■ 1 1 i • 


formulas 




Antidcrivativc 




higher derivative ^Lp jUi£"ill 


Approximations 




increment 




differentials 




implicit function 




root or equations 




inverse trigonometric 


Asympote 








Average rate of change 


inverse functions 






Ad i J Jljla ia*u^U 


logarithmic 




Chain rule 




rate of change 




Composite function 




rules 




Concavity 




special functions 




Continuity 




trigonometric functions ^Lika Jlj^ 


Critical points 




Discontinuity 


iL^o 


Critical values 




Distinct linear factors 




Curve sketching 




J**- J-°^ 


Decreasing functions 




Distinct quadratic factors 


Definite integrals 




<^b 


Degree of polynomial 


Domain 






Exponential functions 




Dependent variable 




Extended law of mean 




Derivative of higher order 


Extent 




'i=rj-ti\ iSx^o 


Factors 




Differentials 




distinct linear 




approximations 




distinct quadratic 








repeated linear 




Differentiation 




repeated quadratic 




chain rule 




First derivative 




derivative 




test 
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j U aX > -I 



Formulas 

differentiation 

integration 

reduction 
Fractions 

partial 

rational 
Function 
composite 
continuity 
decreasing 
discontinuity 
domain 
exponential 
first derivative test 

graph ^ 
hyperbolic ^juMj Jljp 

increasing ij^j 
infinite sequence 
Averse i_5^ 
inverse hyperbolic 'i^S^ 
inverse trigonometric i l^j 

Hmit 

ran S e ^ju 
relative max/min values 

second derivative test 



special 

trigonometric <>j\z 
variable 

Fundamental theorem of calculus 

J-l&Jlj J^UJI V L^J i>J! 
General term L^>) ^ U i jl>J I 

Generalized law of mean 

Higher deri vati ves J* \ <i-o 

Horizontal extent ^1 ^ijcul 

Hyperbolic functions ^ juMj Jl^ 
Implicit differentiation 

Improper (j^) ^ 



Improper integrals 
Increasing functions 
Increment 

Indefinite derivative 
Indefinite integrals 
Independent variable 
Indeterminate forms 
Indeterminate types 
Infinite limits of integration 

Infinite sequence £jL$J ^ 
Inspection 

Integrals o^U In- 

definite 

indefinite (^j^ ^) 



140 



improper (gr*** j**) 

Integrand ^LUl^Jl 
discontinuous kL^o ji* 

Integration 

formulas js-^ 
hyperbolic functions 4j 'j 
infinite limits Sij^o CjIj.L^ 
inspection u^*** 
parts * \yr \ 

parti als fractions ^j=r jy^ 
pane areas i*Ja~* oUU 

Intercept '6j^s^a}\ ia&M 

Intermediate value theorem 

Isolated point 4)jj*a ikE 
Instantaneous rate of change 

u5 W3l ^JoH J-U* 

Inverse functions Jiji 

hyperbolic ^i^L) 

trigonometric ^^L)^^ 

Law of mean ia— jx<Jl j^U 

L' Hospital's rule JL~—ja SJpU 

Limit 'i-t.h* 
function 

left j~>\ 
right 

sequence 4*jb^> 

theorems &\j.J^ 

Linear factors L ^la^- J-°^° 



Logon thmic differentiation 

Logorithmic functions 

Maxima ^^^^ 
Maximum and minimum points 

J^b ^ ^ 

Minima [J*^ 

Nth term (sequence \ ^ 1 

Natural logorithem j*^? p^j^jJ 
Normals 

Partial fractions V j^-S' 
Parts, integration 

Plane areas by integration 

Points of inflection ^ ^>Uil Jaij 

Principal branch ^L-^l jyill 

Proper ^f^ 9 
Properties of definite integrals 

.yjJt^Jt Jj>t£iM ^yajUa^- 

Quadratic factors *t*+ty o}UU-o 

Radi al measure I _d 1 ^ J^J \j ^ 

Range lS- 10 

Rate of change J's** 

Rational fraction <^ j*- 

Reduction formulas 5 j-^** 

Reimann sums j Uj lj 

Relative values p-^ 
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Removable discontinuity 

Repeated linear factors 

Repeated quadratic factors 

Rol 1 ' s theorem J jj i^Jaj 

Roots of equations <J^UaJ1 jj-^r 
Rules J^lji 



chain 

differentiation 

L'Hospital's 
Second derivative 

test 
Sequence 

general term 

infinite 

limit 

nth term 
Substitution 



J ..I,. Mi 



Symmetry J*^" 

Tangents oL-xue 

Theorem of Bliss jA* '<Ljai 
Theorems 

Bliss jAj 
continuous functions aL^lo Jlji 

fundamental of calculus 
intermediate value 

Roll's 

Third derivative 4il hJ 1 ii^J i 

Trigonometry L^jjjs> 

functions Jlji 

integrals J-*^' 

substitutions o^y 6 
Upper and lower limits 

Variables ol 

Vertical extent ilJcooi 
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